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Balanced designs 


Balanced designs 
and codes 


The most important sections of this unit are Sections 1 and 2, and you 
should make sure that you understand the main ideas of these sections. 
Section 2 discusses the important concept of a balanced design, and may 
take up more of your time than any other section. You should also make 
sure that you understand the concept of resolvability, introduced in 
Section 4.1; this concept is important in practical examples. Section 5 
concerns block designs and codes, and provides a link with Design 3; if you 
are short of time, you may prefer just to skim through the main ideas and 
omit the details. 


There are computer activities associated with Sections 1, 2 and 4. There is 
no audio-tape session or television programme associated with this unit. 
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Introduction 


In Design 1 we introduced the following example. 


Suppose that we wish to design an experiment to test seven hay-fever 
drugs, called Ampersand, Bastasneeze, Calamitine, Dripnomore, 
Eezybreathe, Fantastamine and Gladeyes. Seven volunteers present 
themselves: Alex, Barbara, Chris, Deirdre, Eric, Fred and Gill. The hay- 
fever season is not long enough for each tester to try every drug, but it is 
desirable for each pair of drugs to be compared directly by some tester, so 
that the experiment is as ‘balanced’ as possible. We gave a solution in the 


form of a ‘block table’. But how did we construct the table? The answer to this question is given in 
= Section 2. 
/In this unit we are concerned with the problem of designing experiments to 


y compare various entities, such as hay-fever drugs or agricultural crops, as 

fairly as possible. Because the subject developed historically from design 
problems in agriculture, several of the terms and examples introduced in 
this unit have an agricultural flavour, but the subject can be applied to 
many other areas. Throughout the unit our emphasis is on the construction» 
of good designs. a ae 


In Section 1, Blocking in designed experiments, we describe several types of 
experiment and introduce some basic terminology — in particular, the 
concept of an incomplete block design. We describe various difficulties that 
may arise in practice, and identify some features of a good design. We 
show how to associate a bipartite graph and an incidence matrix with a 
given block design, and explain why one requirement of a good design is 
that the associated graph be connected. We also describe some simple 
constructions for block designs and discuss their advantages and 
disadvantages. 


In Section 2, Balanced designs, we introduce the concept of concurrence. 
This leads to the definition of an important type of design called a 
balanced incomplete block design, We show how to construct such designs, 
and how to derive new designs from existing ones. 


In Section 3, Special types of balanced design, we describe two celebrated 
types of balanced design — finite projective planes and Steiner triple systems. 
The design proposed for the drug testing example in Design 1 is an instance 
of both of these. We also discuss latin squares and show how they are used 
as designs in particular situations. 


Section 4, Resolvable designs, is devoted to designs arising from 
experiments that divide naturally into ‘harvests’. We analyse the 
properties of such designs, and describe some constructions, including the 
use of latin squares. 


Finally, in Section 5, Balanced designs and codes, we show how to construct 
codes from balanced incomplete block designs. 


1 Blocking in designed experiments 


Every year many hundreds of agricultural trials are held to compare new 
varieties of cereal and vegetable crops. Plant breeders may spend several 
years developing a new variety that may be more resistant to disease, 
give a bigger yield, or have some other advantage. These varieties are 
submitted for testing by independent bodies, who conduct trials at several 
sites. As a result of these trials, a recommended list of varieties is 
published each year. 


Inclusion in the recommended list tends to increase the sale of seeds of any 
particular variety, so the breeders are anxious that the varieties they 


submit be judged fairly. Those running the trials are also concerned about 
this, for if a poor variety is recommended it may be grown by many 
farmers and produce a national decrease in the yield from that crop. So 
how are the different varieties compared? 


1.1 Varieties, plots and blocks 


We begin with some basic definitions. 


Definitions 
In an experiment, the varieties are the items being compared. 


A plot is a unit of experimental material on which a single variety is 
tested. 


A block is a group of plots which are similar in the sense that, if the 
same variety is tested on each, then similar results can be expected. 


We now illustrate the wide range of examples for which block designs are 
appropriate. 


Example 1.1: wheat testing 


In an agricultural experiment, there are six varieties of winter wheat, and 
four different sites where the types of wheat are grown. Ideally, all six 
varieties should be grown on all four sites, but each site has space for only 
three or four varieties. 


We represent this experiment by a block table with six varieties A, B, C, D, 
E and F (corresponding to the varieties of wheat) and four blocks 1, 2, 3, 4 


(corresponding to the sites); each block contains three or four plots, giving 
fourteen plots altogether: 
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Example 1.2: pig-feed testing 


A farmer wishes to discover the effects of different feeds upon the growth 
of piglets. Here, the varieties are the feeds and the plots are the piglets. 
Sows commonly produce ten or more piglets to a litter, and there may well 
be inherent differences between different litters, so it is sensible to treat 
the litters as blocks. 2 


Example 1.3: cake-additive testing 


A bakery firm wishes to test the effect on cake quality of combinations of 
two additives — glycerine (in three different amounts), and tartaric acid 
(in four different amounts). Here, the varieties are the 4 x 3 = 12 different 
combinations of glycerine and tartaric acid. The bakery has three large 
commercial ovens, each of which can be used twice a day. In order not to 
disrupt production, only one day is set aside for the experiment, and there 
are six different bakings, two per oven. Each oven has room for six large 
trays of cakes. The bakers claim that a whole trayful of cakes is needed to 
assess each cake mixture, and so each tray has a single variety. Thus the 
trays are the plots, and the bakings are the blocks, each containing six 
plots. = 


Plots are often defined by boundaries 
of space or time; for example, in an 
agricultural experiment each plot 
may be a part of a field on which a 
particular variety of wheat is tested. 


The order of the letters within each 
column does not matter. 


It would not be appropriate to apply 
this reasoning to animals like cows, 
which rarely produce more than one 
calf at a time. 


The ovens could also be taken as a 
larger sort of block, each containing 
two bakings. 


Example 1.4: clinical trials 


In a clinical trial, a new drug is compared with a standard one to see 
which is more successful in treating a certain disease. The trial is carried 
out on all patients with the disease at a given hospital over a period of 
several months. Here, the varieties are the two drugs, and the plots are the 
patients. Even if the patients all come from the same part of the country, 
and have the same general medical care in hospital, they may still be 
disparate, and so the experimenter should think of dividing them into 
blocks. One possibility is to group the patients into ten-year age bands; 
another is to divide them according to how severely they have the 
disease. 2 


Example 1.5: fertilizer testing 


An agricultural experiment is carried out to determine the amounts of 
nitrogen, potash and phosphate that combine to give a good fertilizer for 
sugar-beet. Four different amounts of nitrogen are chosen, together with 
two amounts of potash and two of phosphate, giving 4 x 2 x 2 = 16 possible 
fertilizers altogether. These sixteen fertilizers are the varieties. The 
sugar-beet is grown in a single field which is split up into plots (in the 
usual sense of the word), each plot being treated by one of the fertilizers. 
These plots may vary in fertility across the field. There are several 
possible reasons for this: for example, one part of the field may have had 
waste material dumped on it in the past; one edge of the field may be 
shaded by trees or contaminated with fumes from a neighbouring road, 
drainage patterns may vary across the field, as there may be an 
underground stream. However, it is likely that neighbouring plots are 
similar, and so the blocks are taken to be groups of neighbouring plots. & 


The above examples illustrate several different reasons for blocking. In 
Examples 1.1 and 1.2, the experimenters want results that apply to more 
than just one site or litter, and so they deliberately use heterogeneous 
plots, but allow for that heterogeneity in their analysis. Scientists want 
their results to apply to very precise conditions, and wish to be able to 
control their experimental material accordingly. Outside the laboratory, 
such control is not always possible, as Example 1.5 shows. Even when it is 
theoretically possible to make all the plots similar, it may be financially 
or operationally infeasible to do so. For example, in clinical trials 
(Example 1.4), the experimenter has to accept the patients who have 
contracted the disease, rather than choose a homogeneous group of people 
to infect with the disease! 


These examples also show that there are two, rather different, sorts of 
block. Sites and litters have ‘natural’ boundaries: if the sites or litters are 
taken as blocks, it is clear when two plots are in the same block and when 
they are not. But if patients are put into blocks according to age, or plots in 
the field are grouped into blocks of neighbouring plots, then it is no longer 
clear where the block boundaries should be. If the field is a long thin 
strip, then the blocks will be lengths of the strip, but only experience with 
the type of experiment can suggest what a good size for the block should 
be. 


In some experiments, the blocks are of different sizes. For instance, in 
Example 1.1 blocks 1 and 2 contain four varieties, but blocks 3 and 4 
contain only three, and in Example 1.2 not all sows produce the same 
number of piglets. In such cases, we can sometimes achieve blocks of the 
same size simply by ignoring a few plots in the over-large blocks. 
However, in all the designs of interest to us, the situation where the 
blocks contain different numbers of varieties does not arise. 


1.2 Incomplete block designs 


In Example 1.1, we dismissed the case in which each variety of wheat is 
grown at each site, since sufficient space is usually not available. In a 
situation in which every variety does occur once in each block, we say that 
the blocks are complete. Although there may be problems of procedure and 
analysis connected with such experiments, there are no design problems 
involved, and so we shall not consider such experiments further. 


More usual is the situation where each block is too small to hold every 
variety; in such a case, each block is incomplete. We shall use the 
following definition and notation. 


Definition 
An incomplete block design consists of the following: 

e a set of varieties; 

¢ aset of blocks, each containing the same number of varieties; 

¢ a list showing the varieties allocated to the plots in each block. 


No block contains every variety, and no block contains any variety more 
than once. 


Notation 
v denotes the number of varieties; 
b denotes the number of blocks; 


k denotes the block size — the number of plots in each block. 


Since the block design is incomplete, no block can contain every variety, 
and so v and k always satisfy the inequality 


< v. 


From now on we shall consider incomplete block designs as defined above 
and use some of the terms introduced earlier more generally. Often it is 
convenient to think of a block table as a mathematical entity in its own 
right, so we shall refer to a block table in which each block consists of k 
objects chosen from the same set as a block design and use the terms variety 
and plot when they do not necessarily have the experimental 
interpretation of our original definition. 


Example 1.6: hay-fever drug testing 


In Design 1 we presented the following solution to the problem of testing 
hay-fever drugs: 


Alex should test Ampersand, Bastasneeze and Dripnomore; 
Barbara should test Bastasneeze, Calamitine and Eezybreathe; 
Chris should test Calamitine, Dripnomore and Fantastamine; 


Deirdre should test Dripnomore, Eezybreathe and Gladeyes; 


Eric should test | Eezybreathe, Fantastamine and Ampersand; 
Fred should test | Fantastamine, Gladeyes and Bastasneeze; 
Git should test | Gladeyes, Ampersand and Calamatine. 


We represented the above assignment of drugs to testers by a block table 
consisting of seven columns, corresponding to the seven testers. The entries 
in each column are the drugs assigned to the particular tester; for example, 
column C (corresponding to Chris) consists of the three drugs C, D and F 
(Calamitine, Dripnomore and Fantastamine). 


We frequently abbreviate incomplete 
block design to block design, or simply 
design, when there is no possibility of 
confusion. 


A B Cc =6UC~D E F G We use italic letters to represent the 
varieties — the drugs — and outline 
A BC D E Fo ot letters to represent the blocks — the 
B C D E EF aa sets of drugs assigned to the testers. 
D E F ie A | eee, 
In this example, v = 7,b=7 andk=3. 4 


Example 1.7: hay-fever drug testing 


Another way of describing the experiment to test hay fever drugs is as 


follows. 


Ampersand 


Bastasneeze 


Calamitine 


Dripnomore 


Eezybreathe 


Fantastamine 


Gladeyes 


is tested by 
is tested by 
is tested by 
is tested by 
is tested by 
is tested by 
is tested by 


Alex, Eric and Gill; 

Alex, Barbara and Fred; 
Barbara, Chris and Gill; 
Alex, Chris and Deirdre; 
Barbara, Deirdre and Eric; 
Chris, Eric and Fred; 
Deirdre, Fred and Gill. 


We thus obtain the following block design: 


. - st : : Here we again use italic letters to 
A A B A B * D represent the varieties — the testers 
— and outline letters to represent the 
Z oe ee iad i eae blocks — the sets of testers of each 
G 3 G D E F G drug. 
In this example, we again have v =7, b =7 and k = 3. S 
Problem 1.1 
Write down the values of v, b and k for each of the following block designs: 
(s-1- se eae 
a ae ae = 
K= i 
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Consider next the following block design: 


Yn Pp 


F 


A 
B 


ee 


E 
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The trouble with this block design is that the varieties do not occur the 
same number of times. For example, varieties B and E appear three times 
each, whereas varieties D and F appear only once. If all of the varieties 


under examination have the same status or importance, then it is 
desirable that each occurs the same number of times. However, this is not 
always possible; for example, one plant breeder might supply very few 
seeds of one variety, and much information would be lost if all the 
varieties under test were limited to this same small amount. 


In this unit, we are interested only in designs in which each variety occurs 
the same number of times. 


Definition 
A block design is equi-replicate if each variety occurs the same number 
of times; this number is the replication, and is denoted by r. 


For example, the designs in Examples 1.6 and 1.7 are both equi-replicate 


with r = 3. 
Problem 1.2 ay Ne 
Decide whether each of the block designs of Problem 1.1 is equi-replicate; BJ eee ee2 


if so, write down the value of r. 


The letters v, b, r and k are in standard use by combinatorialists, and are The variety letters are v and r, and the 
often called the parameters of the block design. block letters are b and k. 


Many experimenters and statisticians 
use the letter t instead of v, and refer 
to varieties as treatments, since the 
varieties may refer to drugs used to 
treat patients (Example 1.4) or to 
fertilizers used to treat plants 
(Example 1.5). 


For convenience, we summarize our assumptions about the four parameters. 


Summary 


In this unit, all incomplete block designs are assumed to be equi- 
replicate, with the following parameters: 


e vvarieties 
e bblocks 
e k varieties in each block, where k < v 


r occurrences of each variety. 


There are various relationships between these parameters. In 
Examples 1.6 and 1.7, we have 


v=7, b=7, r=3, k=3, 


so, for these designs, 
vr = bk. 


The following theorem shows that this equation holds for any equi- 
replicate incomplete block design. 


Theorem 1.1 


In an equi-replicate incomplete block design, the parameters v, r, b and 


k are related by the equation 
vr = bk. 


Proof We use the technique of counting 
There are v varieties, each of which occurs in r plots, and so the total something in two different ways. 
number of plots is vr. 


Also, there are b blocks, each containing k plots, and so the total number of 


plots is bk. 
Hence 
vr = bk. = 


Problem 1.3 


Write down the values of v, r,b and k for each of the following equi- 
replicate designs, and verify that vr =bk in each case: 


Co oe oe eo eer eee 
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Isomorphic designs 


Sometimes we need to decide when two designs are essentially the same 
and when they are different. To see what we mean by this, consider the 


following designs: 
1 z 3 4 1 2 3 4 
A A B C A A B C 
Bus wo beBeni 1B oe Cee DP j 
% E F F D F r e 


Although these designs are not the same, they are closely related. If in 
the first design we interchange the varieties C and D and the varieties E 
and F, then we obtain the second design. This leads to the following 
definition. 


Definition 


Two block designs are isomorphic if one can be obtained from the other | Examples of two non-isomorphic 


by relabelling the blocks and/or the varieties. designs are given at the beginning of 
Section 2. 


For many purposes, we can consider isomorphic designs as interchangeable. 
For example, if an experimenter requires a block design for six varieties in 
four blocks of size 3, with each variety occurring twice, we do not need to 
give both the above isomorphic designs. However, if the experimenter 
also specifies that the particular varieties A and E must occur together in 
some block, then only the first of the above designs is of interest. 


Problem 1.4 


Show, by relabelling the blocks and varieties in design (a), that the 
following two block designs are isomorphic: 


fay A SS Be eS > 
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1.3 Incidence 


Connected designs 


In general, the analysis of experiments conducted in incomplete blocks is 
too complicated to discuss in detail here, but we can observe enough about 
it to appreciate some aspects of good design. For example, consider the 
following incomplete block design with parameters v = b = 8 and k =r =2. 


1 F 3 4 5 6 7 8 
A . B A F D F G 
B E # D G 3 H H 


If this design were used for an experiment, we could use it to compare some 
pairs of varieties, but not others. For example, 


e varieties A and B both occur in block 1, and therefore can be 
compared directly. 


¢ varieties A and C do not occur in the same block, and so cannot be 
compared directly; however, varieties A and B can be compared 
directly in block 1, and varieties B and C can be compared directly in 
block 3, and these two direct comparisons can then be combined to 
give an indirect comparison of varieties A and C. 


* no amount of indirect comparison connects varieties A and F, and so 
this design cannot be used for comparing them. 


It follows that, if our purpose is to compare as many pairs of varieties as 
possible, then this is not a good design. 


The following terms are useful when we need to discuss comparisons 
between varieties. 


Definitions 


Two varieties are directly comparable if there is a block that contains 
both. 


Two varieties A and B are indirectly comparable if there is a chain of 
varieties Aj, ..., A, such that A and A,, A; and A,, ..., and A, and B are 
all directly comparable. 


A block design is connected if each pair of varieties is directly or 
indirectly comparable. 


In the above example, the varieties A and B are directly comparable and 
the varieties A and C are indirectly comparable. The design is not 
connected, since the varieties A and F are neither directly nor indirectly 
comparable. 


In general, we regard connectedness as an important requirement of a good 
design. With this criterion, the above design is not a good design. 


Problem 1.5 


In the above example, decide whether the following pairs of varieties are 
directly or indirectly comparable: 


(a) varieties F and H; 
(b) varieties C and G; 


(c) varieties A and E. 


il 


Problem 1.6 


Construct a connected design with the same parameters as the above 
design. 


The use of the word connected recalls the definition of a connected graph. 


We can associate a bipartite graph with an incomplete block design by 
drawing a vertex for each variety and a vertex for each block, and 
drawing an edge between a variety-vertex and a block-vertex whenever 
the corresponding variety is contained in the corresponding block. For 
example, the graph of the above design is shown in the margin. 


1 2 3 4, 5 6 7 8 
A & B A e D é. G 
B E + D G E H H 


design 


Two varieties are directly or indirectly comparable whenever the 
corresponding vertices are connected by a path. It follows that 


e a design is connected if and only if the associated bipartite graph is 
connected. 


Since the bipartite graph for the above design is disconnected, the design 
is not a connected design. 
Problem 1.7 


By drawing the associated bipartite graphs, determine whether the 
following designs are connected. 


a a 
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Incidence matrices 


In Example 1.7, the drug testing example, we can represent the information 
about who tests which drugs by the following incidence matrix, in which 
the entry in row 7 and column / is 1 if volunteer i tests drug j, and 0 
otherwise. 


A BCODEFG 
Alex ae oe oe 
Barbara |0 11 01 0 0 
Chris 2S oe Se ee ae 
Deirdre {0 0-0-1 1:.0-1 
Eric oe eit a 
Fred iS So oe! 
Gill i-G t-o ao 2 


12 


A 1 
B Y 
C 3 
D 4 
E 5 
r 6 
G 7 
H 8 


graph 


For example, there is no path from 
vertex E to vertex F. 


This is the incidence matrix used in 
Design 1. 


For block designs in general, we adopt the following corresponding 
definition. 


Definition 


The incidence matrix B of a block design with v varieties and b blocks 
is the v x b matrix with rows labelled by the varieties and columns 


labelled by the blocks, in which the entry in row A and column B is 
1, if variety A lies in block B; 
0, if variety A does not lie in block B. 


Problem 1.8 
Write down the incidence matrix of each of the following block designs. 


a 2-53 4 5 % 
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1.4 Constructions for block designs 


We now describe some methods for constructing block designs. Some of 
these constructions start from scratch, whereas others derive new block 
designs from existing ones. 


All-combinations method 


Suppose that the numbers v and k are specified, where k < v. The following 
construction yields a design called an unreduced design. 


All-combinations method 


For the blocks, take all possible combinations of k varieties chosen from 
the set of v varieties. 


For example, for v = 4 and k = 2, there are six possible combinations of 2 
varieties chosen from the set of 4 varieties. If the varieties are A, B, C 
and D, these combinations are AB, AC, AD, BC, BD and CD, giving rise to 
the following design: 


1 2 3 4, 5 6 

i ALR FR - 

2 Cc. 2 ee Be 
Advantage This method is very simple and (in some sense) 
symmetrical. 


This matrix is the matrix that we 
obtain if we regard the design as an 
incidence structure. 


Two block designs are isomorphic if 
and only if we can permute the rows 
and/or columns of the incidence 
matrix of one design to get the 
incidence matrix of the other. 


This is the design in Example 1.6. 


13 


Disadvantage Since the number of blocks is the binomial coefficient ) = /k\(v—-k)! 


which increases rapidly as v increases, the number of blocks is large unless 
either k or v—k is very small. In many experimental situations there are 
not as many blocks as this available. 


Problem 1.9 — 

Use the all-combinations method to construct: Ve S 

(a) an unreduced design with varieties A, B, C, D and E, and —s : eo. B 
block-size 2; rn :. en ’ - 

(b) an unreduced design with varieties A, B, C, D and E, and = 


block-size 3. 


Circle construction 


Suppose that the numbers v and k are specified, where k < v. The following 
construction yields a design with b = v and r =k. 


Circle construction 


Place the letters representing the varieties around a circle, and mark a 
starting point; 


for the first block, take the first k varieties, proceeding clockwise from 


the starting point; 


for the second block, take the next k varieties, still proceeding 
clockwise; 


and so on. 

For example, for v = 7 and k = 3, we obtain the following design: START 
1 2 3 4, 5 6 7 
A D G i. r B E 
B E A D G j. F 
a 3 B e A D G 

Advantage This method can be used for any values of v and k for 

which k < v. 


Disadvantage This method does not always produce good designs; for 
example, if v is divisible by k, then the design is not connected. 


Problem 1.10 


Use the circle construction to obtain an incomplete block design with six 
varieties A, B, C, D, E and F, six blocks and block-size 4. Is the design 
connected? 


Cyclic construction 


This is the most useful construction in this subsection, and will be used 
throughout the rest of this unit. 


Suppose that the numbers v and k are specified, where k < v. The following 
construction yields a cyclic design with b = v and r =k. 


14 


Cyclic construction 


Denote the varieties by 0, 1, ..., v-1; 
for the first block, choose any k of these integers; 


for the second block, add 1 to each variety in the first block, replacing 
v by 0 if it occurs; 


for the third block, add 1 to each variety in the second block, replacing 
v by 0 if it occurs; 


and so on. 


For example, for v = 6 and k = 3, we label the varieties 0, 1, 2, 3, 4, 5. Let us 
choose the first block to be 0 1 4; then the second block is 1 2 5 and the third 
block is 2 3 0 (on replacing 6 by 0). Continuing in this way, we obtain the 
following design: 


2 


p= © = 


3 
Ps 
3 
0 


= —-& WO -& 


5 6 
1 + 5 
2 5 0 
5 2 3 


When the varieties are letters, rather than numbers, the construction is 
similar. For example, if the varieties are A, B, C, D, E, F and the first 
block is chosen to be A B E, then the second block is B C F and the third 
block is C D A (on replacing G by A). Continuing in this way, we obtain 
the following design: 


1 
A 
B 
e 


™ C() & WN 
> OF A & 
= ih Oo 
CY a a 
SS = ss A 


Advantages and disadvantages 


Some cyclic designs are very good and some are very bad, depending on the 
choice of the first block. Some choices of the first block may give designs 
that are not connected. Also some choices of the first block can lead to the 
nth block being the same as the first block, for some n < b; the (n+1)th 
block is then the same as the second, and so on. In such a case, the whole 
design consists of a number of copies of the first n — 1 blocks, which form an 
incomplete block design in their own right. 


Problem 1.11 


In each of the following cases, construct a cyclic block design, and state 
whether it is connected: 


(a) v=/7, k= 3, first block 0 1 3; 
(b) v=6, k = 3, first block 1 3 5; 
(c) v=6, k=4, first block A C D F. 


New designs from old 


The following two methods are useful ways of constructing new designs 
from existing designs. 


Complement of a design 


From a given design A, the complement A is constructed as follows. It follows from the definition that the 


= lement of A is A 
For each block B of A, construct a block B of A by taking the varieties Sess ooo 


in block B of A to be those varieties that do not occur in block B of A. 


For example, let A be the design 


1 2 3 4 5 6 7 
A B ‘< D 5 r G 
B 8 D E F G A 
D E F G A B C 
then A is the design 
1 z 3 4, 5 6 7 
j A A A B A B 
E D B B . C D 
F F E . D D E 
G G G F G E F 
Problem 1.12 


Construct the complement of the design: 
1 2 3 4 5 
0 1% 16 oA oF 
im 3) oc CS 8 
2 4é 30 4€ a€ 


Problem 1.13 


A design A has parameters v, b, r and k. Find the corresponding parameters 


v, b, r and k of the complement A, and verify that they also satisfy 
Theorem 1.1. 


: The dual of a design is a special case 
Dual of a design of the dual of an incidence structure, 
defined in Design 1. 


From a given design A, the dual A* is constructed as follows. 


Interchange the roles of varieties and blocks, re-interpreting ‘contains’ | It follows from the definition that the 
e tA e * . 
as ‘occurs in’, and vice versa. dual of A* is A. 


For example, let A be the design 


1 fs 3 4 
A A B C 
B D E D 
a 5 r F 


then A* is the design 


1 1 


A B nee ©, E F 
1 2 
a > + 4 
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Notice also that the designs given in Examples 1.6 and 1.7 are duals of 
each other. 


Note that the bipartite graph of the dual design A* is the same as that of 
the original design A, except that the two sets of vertices corresponding to 
the varieties and blocks are interchanged. If this graph is connected, then 
so are both designs. If it is not connected, then neither are the two designs. 
It follows that A is connected if and only if A* is connected. 


Problem 1.14 
Construct the dual of the design: 


1 2 3 4, 5 6 7 8 9 10 

A B C D E A B e D 

B c D E A Ce D a A 

F F F F F D E A B 
Problem 1.15 


A design A has parameters v, b, r and k. Find the corresponding parameters 
v*, b*, r* and k* of the dual A*, and verify that they also satisfy Theorem 
Bek: 


1.55 Computer activities 


The computer activities for this section are described in the Computer 
Activities Booklet. 


After studying this section, you should be able to: 


e appreciate the nature and importance of blocking in different 
experimental situations; _ 


explain the terms variety, plot, block, sncuriplete block design, 
equi-replicate design and replication; 


explain the meanings of the parameters v, r, b and k, and prove 
that in an equi-replicate incomplete block design with equal 
block sizes vr = bk; 


construct the bipartite graph and the incidence matrix 
associated with a given design, and test whether a given design 
is connected; , 


construct unreduced, circle and cyclic designs, and the 
complement and dual of a given design. 


2 Balanced designs 


In this section we describe some other ways of representing incomplete 
block designs. In particular, we construct concurrence matrices and use them 
to find the concurrences in a design; these can be used to assess the design. 
When the concurrences are all equal, we have a balanced design — such 
designs are important, both structurally and in practice. Finally, we 
describe some useful methods for constructing certain balanced designs. 
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2.1 Concurrence 


Consider an experiment in which we wish to compare seven varieties, A, 
B, C, D, E, F and G. Two cyclic designs that we could use are the following: 


1 2 3 4, 5 6 7 1 2 3 4, 5 6 

A B c se | F G A B e oo at F 

B c a F G «A B C ak F G 

i a F G A B C C Se £ F S. <A 
design 1 i a4 design 2 


\>= F 


At first sight, these designs may appear similar, but the differences 
between them become apparent when we try to compare any variety with 
the other varieties. 


Problem 2.1 


For each of these designs, write down the number of blocks in which 
variety A is compared directly with 


(a) variety B; (b) variety C; (c) variety D. 
Comment on your results. 


In answering Problem 2.1, you will have found that the two designs give 
different results. In design 1, each pair of varieties are compared together 
in exactly one block. However, in design 2, variety A is compared twice 
with varieties B and G, once with varieties C and F, and never with 
varieties D and E. It does seem that design 1 provides a fairer comparison 
of the varieties. Indeed, it looks as though our aim should be to find 
designs in which all comparisons occur the same number of times. 


This idea leads to the following definitions. 


Definition 


Let A and B be two distinct varieties in an incomplete block design. The 


concurrence of A and B is the number of blocks in which both A and B 
occur, and is denoted by A,p . 


For example, 
in design i, NAB =hac =Agp = 1; 
in design 2, NAB = 2, KAC =], NAD = 0. 


It can be shown that, among all incomplete block designs with a given 
replication and block size, the differences between the varieties are 
estimated most precisely when all the concurrences are equal. Designs 
with this property have a special name. 


Definition 


An incomplete block design A is balanced if there is a constant number A 


such that each pair of distinct varieties of A occur together in exactly 
blocks. 


The number A is the concurrence of the balanced design A. 


For example, design 1 is a balanced design with concurrence A = 1, whereas 
design 2 is not balanced. 
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Design 1 is the design in Example 1.6. 


yo hush | hByU™ 


It is standard practice to use the 
Greek letter 4 for the concurrence of a 
balanced block design. 


Problem 2.2 


Decide whether each of the following designs is balanced; if so, write 
down the concurrence A. 


SS a ee ee es ee: 


SS oe ee B 

2 a: a oe oe ys 
a 3 8 4 g- 4. o> -¢°- 2-H 

a oe ee eee” eee eee See» 

St a a Se ee a 

ol a a ae: a a. oe 


In investigating concurrences, it is convenient to introduce the concurrence 
matrix. 


varieties 


Definition 


The concurrence matrix C of an incomplete block design is the v x v 
matrix with rows and columns labelled by the varieties, in which the 


entry in row A and column B is 
varieties 


r if the varieties A and B are the same; 


Xap if the varieties A and B are different. 


For example, for design 1, r = 3 so each diagonal entry is 3; also, A4g = 1 for concurrence matrix C 
all pairs of varieties A and B, so the non-diagonal entries are all 1: 


aoe 2 DE rt G 
mae tt? t £44 
ae Ge ee ee ee 
235 ee oe ee ee 
Pea 4. 4 oe be 
pos.4-4. bowoees 
Pay ).1 ££ S 
2. ae ae oe oe ee ee 


For design 2, r = 3 so each diagonal entry is 3; also, A4g =2, Aac=1 and 
Ap = 0; indeed, each non-diagonal entry is either 0, 1 or 2: 


as C-D.2 °F GC 
ae 2: ee Ee Se 
co - 2 i ee 
Cit 2-3-2... 2-0 
Pigei “23 2 e°8 
2 a a a ee ae 
Fi? 2 2322S 2 
C|2 tat 0 gna oe ee 
pews =. 
: es A A 
More generally, the concurrence matrix of a balanced design with C= 
replication r and concurrence i has diagonal entries r and non-diagonal 
entries 4. This means that the concurrence matrix has the form shown in AAA wr A 
the margin. a a ee 
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Problem 2.3 


Write down the concurrence matrix of the design: . ¢ 5 
: : : : xX ax 
i se is : 
\> ¢ 
. E F r > 


Is it a balanced design? F | ( ot Be 


There is an interesting connection between incidence matrices and 
concurrence matrices. The following problem indicates this connection. 


Problem 2.4 


For each of the designs 1 and 2, write down 
(a) the concurrence matrix C; 


(b) the incidence matrix B and its transpose B!; The matrix B? is the transpose of B — 


(c) the product matrix BB’. the matrix obtained from B by 
a ¥ interchanging the rows and columns. 
omment on your results. 


The result of Problem 2.4 is illustrated by the following diagrams. 
The matrix product BB! is 


blocks varieties The grey columns are inserted to 
show how the elements in columns A 


. = eee. and B of a A of the matrix product 
lei aioe a 2 a oe. 11 1] are calculated. 
0 0 1 0 
0 0 Lo 
varieties ” a 11 
Bi.i 7-4 03 0-24.00 0 0 0 0 blocks 
ta 4 
= 0 1 
B t-1 0 1 
0 0 0 0 


The concurrence matrix C is 


nin 
or % 

b ¢ number of Is in \, 
Lara age same position in \ 
——o number of blocks ) 

— containing both 
: ae AandB 


concurrence of \ 
and 


C= BB 


The result of Problem 2.4 holds for any incomplete block design. 


Theorem 2.1 


The concurrence matrix C of an incomplete block design is BB‘, where B 
is the incidence matrix of the design. 
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Note that, if A is any variety, then 
the replication of A =the number of 1s in row A of B 
= the corresponding diagonal entry of BB! = C. 


Also, if A and B are different varieties, then 
Nap =the number of blocks containing both A and B 
= the number of 1s in the same position in rows A and B of B ee ee, Se ee 
= the corresponding non-diagonal entry of the matrix BB' =C. _ Section 2.3. 


2.2 Balanced incomplete block designs 


Recall that a design with equal block sizes is balanced if all its 
concurrences are equal. Such balanced incomplete block designs occur 
frequently; they are often abbreviated to BIBDs. 


The following theorem gives an equation relating the parameters z, r, k 
and i in a BIBD. 


Theorem 2.2 


Let A be a balanced incomplete block design with v varieties, 


replication r, block size k, and concurrence 4. Then 


Mv —1) =1(k—1). 


Proof Again, we use the technique of 
Let A be a variety of A, and consider the number of plots that occur in aah sr el po de 


blocks containing variety A. There are r such blocks, and each has k plots, 
so this number is rk. 


We now look at the varieties that occur in these plots. Variety A occurs r 
times. Each variety other than A occurs A times in the same block as A, 
and so occurs A times in the plots we are considering. Since there are v-1 
varieties other than A, the total number of plots is r + A(v — 1). 


Equating these results, we have 
r+A(v-l)=rk, 
and so 
Mv -1)=rk-r=r(k-1). S 


Theorem 2.2 tells us that, for any balanced design, A = r(k — 1)/(v —- 1). 
It follows that any design in which r(k — 1)/(v — 1) is not an integer 
cannot be a balanced design. 


Problem 2.5 
For each of the following balanced designs, verify that A(v —1) = r(k—1). 


(Qe... Foe ee CY 
GO  .4 CES ose « 
a ee See ee 
ie a a 
oe a ee ee a ee 
A EO eS ee ee ee 
.. oo ce a 
Pao = See 2 OS 
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Warning Do not jump to hasty conclusions about a design from the 
properties of its parameters. For example, the parameters of designs 1 and 
2 (v=7,b=7,r =3, k = 3) satisfy all the conditions 


k<v, vur=bk, r(k—1)/(v—]) is an integer, 
but design 2 is not balanced. 


In fact, it is possible to find integers v,b,r and k satisfying these 
conditions, for which no BIBD exists, as the following example shows. 


Example 2.1 
Leto = 16, f=3,b=@.4 =6. Then 


k<v, vr=48=bk, r(k—-l)/(v-l)=(3%5)/15=1, 
which is an integer. 


So it looks as though it should be possible to have a BIBD with the given 
parameters with A = 1. But suppose that one block of such a design contains 
the varieties A, B, C, D, E and F. Since A = 1, the varieties B, C, D, E and F 
never occur again with A or with each other. But r = 3, and so there are 
three blocks containing A and five blocks not containing A. Since these 
five blocks not containing A must contain all further occurrences of B, C, D, 
E and F (which, moreover, never occur together again), each of the five 
varieties B, C, D, E and F must occur in a separate single block. This means 
that each of these varieties can occur only twice, contradicting the fact 
that r = 3. It follows that no BIBD exists with these parameters. ® 


Historical note 

Balanced incomplete block designs were introduced by Frank Yates in 1936. He 
employed the notation we have used here, except that, like most statisticians, 
he wrote t instead of v. Yates' original paper contains the comment that an 
exhaustive search had shown that there is no BIBD with v= 16, b=8, r=3, k =6. 


Our next theorem explains why we cannot find a BIBD with v = 16 and b= 8. We 
can now dismiss such cases quickly, because b< v, but Fisher's inequality was not 
known in 1936 when Frank Yates discussed the problem. 


If you look back at the BIBDs you have met so far, you will notice that in 
each case the number of blocks is never smaller than the number of 
varieties. This is in fact the case for every BIBD, a result proved by 
R. A. Fisher in 1940. We omit the proof. 


Theorem 2.3: Fisher's inequality 


In any balanced incomplete block design with v varieties and b blocks, 
usb. 


Problem 2.6 


Use Fisher’s inequality to show that in any balanced design the 
replication r and block size k satisfy the inequality k<r. 
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These conditions are necessary for a 
balanced design: they are not 
sufficient. 


F. Yates (1902-1994) 


Problem 2.7 


Give an example of each of the following: = 
(a) a balanced design for which v = 5; f 
(b) a balanced design for which v < b. 


Fisher’s inequality shows that, in a balanced design with v varieties, the 
smallest possible number of blocks is v. Balanced designs for which b = v 
have a special name. 


Definition 


A balanced incomplete block design is symmetric if b = v. 


Recall that vr = bk for any incomplete block design. Since b =v for a 
symmetric design, it follows that r=k for such designs. For example, 
design 1 is a symmetric design with v = b = 7 and r =k =3. 


It can be shown that the parameters of a symmetric design satisfy another 
condition. We state the result without proof. 


Theorem 2.4 


For a symmetric BIBD in which v is even, the number r — A must be the 
square of an integer. 


Problem 2.8 


Use Theorem 2.4, together with the condition A(v — 1) = r(k — 1), to show 
that there is no BIBD with v = b = 22 and r=k=7. 


We now look at the complements and the duals of balanced designs. It is 
natural to ask whether they are also BIBDs. 


For complements, the situation is straightforward. In fact, the 
complement of every BIBD is balanced. 


Theorem 2.5 


Let A be a BIBD, and let A be its complement. Then A is also a BIBD. 


Proof 


Let A have parameters v, r, b, k and i, and let A and B be any two varieties 


of A. These two varieties can occur together in A only when the 
corresponding block of A contains neither of them. 


In A there are r blocks containing A, and r blocks containing B. These 
include the A blocks containing both A and B, and so the number of blocks 
containing neither A nor B is 


b—(r—A)-(r-A)-A=b-2r+d. 


Thus the concurrence of A and Bin A is b —2r +. This number is the same 
for all pairs of varieties, and so A is balanced. # 


Theorem 2.5 is very useful in practice. For example, it is easier to search 
for balanced designs with small block sizes than with large ones. Thus, if 
we want to construct a BIBD with block size k, where k is greater than v/2, 
it is often easier to construct one with block size v —k (which is less than 
v/2) and then take its complement. The following example illustrates this 
idea. 


R. A. Fisher (1890-1962) 

Sir Ronald Fisher was statistician at 
Rothamsted Experimental Station 
from 1919-33 and thereafter professor 
at University College, London. He 
developed techniques for the analysis 
of variance and for the use and 
validation of small samples, and 
published his inequality in 1940. 
Frank Yates succeeded him at 
Rothamsted, where he later 
pioneered the use of computers in 
statistics. 
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Example 2.2 
Suppose that we wish to construct a BIBD with v = 7 and k = 4. 


Since k > v/2, we look instead for a BIBD with v = 7 and k = 7 —-4=3. One 
such design is design 1. Taking its complement, we obtain a design with 
the given parameters: 


1 2 3 4, 5 6 7 
A B S D a F G 
B . D 3 F G A 
D E F G A B c 
design 1 
1 z 3 4 5 6 7 
* A A A B A B 
E D B B ‘* Cc D 
F F ‘ Cc D D E 
G G G : G 3 F 
complement of design 1 a4 


In the case of the dual, we can easily construct examples to show that the 
dual of a balanced design is not necessarily balanced. Such an example is 
provided by the following balanced design, whose dual you constructed in 
Problem 1.14. 


4 10 


"4 a fh oS 
— ] Cf) 
i i 
“1 > m oI 
9 fe A 
rae 2. a 
mot  & 
oe 2 oo 
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Since the dual has 10 varieties and 6 blocks, Fisher's inequality is not 
satisfied, so the design is not balanced. 


In fact, Fisher's inequality gives a necessary condition for the dual A* of a 
BIBD A to be balanced. If A has v varieties and b blocks, then A* has b 
varieties and v blocks, and so, applying Fisher's inequality to both A and 
A*, we get v <b and b <7; it follows that b = v. Thus, A* can be balanced 
only when A is symmetric. It can be proved that this necessary condition is 
also sufficient, giving the following theorem. We omit the proof. 


Theorem 2.6 


Let A be a BIBD, and let A* be its dual. Then A* is a BIBD if and only if 
A is symmetric. 


Problem 2.9 


Design 1 is a balanced design. Verify that its dual is also balanced. 


Problem 2.10 


Prove that, if A is a symmetric BIBD, then A and A* have the same 
concurrence A. 
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We conclude this subsection with some general remarks on the role of 
balanced designs in the design of experiments. As there are many 
experiments in which all comparisons are of equal importance, we usually 
search for designs in which the concurrences are as equal as possible — 
balanced designs in the best case. But note that balanced designs are not 
always desirable. 


In an experiment such as the fertilizer experiment (Example 1.5), the 
varieties are different combinations of various treatment factors, and the 
experimenters might reasonably expect the differences caused by each 
factor singly (the main effects) to be larger than those caused by the joint 
effect of the factors when their main effects have been allowed for (the 
interactions). In exploratory experiments, it is more important to estimate 
the main effects than the interactions. However, in later experiments, 
when the main effects are already approximately known, the 
experimenters might consider it more important to find out about the effect 
of the interactions. Being smaller, this effect needs more precision for it to 
be detected. In such situations, the experimenters may choose to sacrifice 
information on less important comparisons in order to gain more precision 
on important ones, and so they deliberately seek unequal concurrences. 


Even when balance seems a desirable feature of a design, there may be 
overriding reasons why a balanced design should not be used. Fisher's 
inequality shows that the number of blocks in a BIBD is comparatively 
large, but in many experiments there are simply not that many blocks 
available. The experimenters usually have constraints of the following 
forms: 


v (number of varieties) — already decided; 
b (number of blocks) —  anupper bound on the number available; 
k (block size) — an upper bound, given by the smallest 


natural block, but preferably as large as 
possible within that bound; 


r (replication) — a range of possibilities, bounded above by 
| the amount of each variety available and 
by cost factors. 


Within the range of possible parameters there may be no balanced design. 
Even if there is one, there may be no simple way for the experimenters to 
construct the required design, although they should certainly consult 
catalogues of BIBDs to see whether anyone has already done so. 


2.3 Cyclic balanced designs 


In a general incomplete block design the concurrence matrix may not have 
a very structured form. However, the following theorem shows that the 
concurrence matrix of a cyclic design does have a simple form: each row is 
obtained by shifting the previous row one place to the right, moving the 
last number round to the beginning. 


Theorem 2.7 


The rows of the concurrence matrix of a cyclic design are obtained by 
taking the first row and shifting it one, two, three, .... places to the 
right, each time moving the right-hand number back to the beginning. 


For example, we have already seen that the concurrence matrix of design 1 
(which is cyclic) has this property. Each row after the first row is 
obtained by shifting the previous row one place to the right. 


In this subsection, the varieties are 


usually numbers, rather than letters. 
Once a design has been constructed, 


letters can then be substituted if 
desired. 
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The reason that Theorem 2.7 holds is that, if i and j are any two varieties, 
and if i and j occur together in any block, then i+ 1 and j + 1 occur together 
in the next block, i + 2 and j + 2 occur together in the next block, and so on. 


In fact, we can say more. As we Shall see, we can obtain the concurrence 
matrix of a cyclic design by examining a single block. The method uses 
modular arithmetic, which we summarize as follows. 


Definition 


Arithmetic modulo n is performed on the numbers {0, 1, 2, ..., n — 1} by 
using ordinary arithmetic and then adding or subtracting an 
appropriate multiple of n to obtain a number in the set. 


For example, for n = 7, we have 


346(=9)=2, 3-6 -B)=4, 3x6 18)=4. 


Problem 2.11 


Perform the following calculations modulo 11: 
(a) 4+9; (b) 4-9; (c) 4x9. 
a= (0 | 


The following example illustrates the method of determining the first 
row of a concurrence matrix. 


Example 2.3 


Consider the following design, which has seven varieties and starting 
block 0 1 2: 


1 2 5 4 5 6 7 
0 1 2 3 4 5 6 
1 Zz 3 4 > 6 0 


2 3 + 2 6 0 1 


We construct a table of differences by writna, the starting Weck on 
left and at the top of the table, as follows: 


0 1 2 
0 
1 
2 


The entries in this table are obtained by subtracting each element at the 
top from each different element on the left, using arithmetic modulo 7. 


For example, using the 2 on the left and the 1 at the top, we have 2= 1="1 
and so 1 appears in the third row and second column; similarly, using the 0 
on the left and the 2 at the top, we have 0 - 2 = 5 (using arithmetic 
modulo 7), and so 5 appears in the first row and third column. Thus we can 
fill in two non-diagonal entries and the three diagonal entries. 
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This design is isomorphic to design 2. 


0 |0 2 
1 0 
2 1 0 


Continuing in this way, we obtain the following table. 


The columns of this table correspond 
to the blocks that contain 0:012,601 


and 560. 
We can now construct the first row of the concurrence matrix. In each 
column we put the frequency of that column number in the above table; for 
example, 
in column 0 we put 3, since 0 occurs 3 times in the table; The entry in column 0 is the 


in column 1 we put 2, since 1 occurs 2 times in the table; replication r. 


in column 5 we put 1, since 5 occurs 1 time in the table; 
in column 4 we put 0, since 4 does not appear in the table. 
The first row of the concurrence matrix is therefore 


columns ie aoe ae Se ee ee 
first row a -2-27:-0 8 1.2 


Using Theorem 2.7, we now construct the concurrence matrix by successively 
shifting the rows one place to the right: 


O42 24) 4 §. 6 
Bee 2 £/U0/0 1 2 
ie 24-0. 0-4 
a2 2 eo 2 18g 
at 2 > 2 18 
ore 1232 1 
sa. 9 @ ft 2 32 
e243 0-0 123 EI 


The following theorem tells us that we can find the first row in this way 
for any cyclic design; the first row can always be obtained by counting the 
number of times each variety occurs in the table of differences. 


Theorem 2.8 


The first row of the concurrence matrix of a cyclic design is obtained by 


counting the number of times each variety occurs in the main body of the 
table of differences. 


Problem 2.12 
The following is a cyclic design with seven varieties and first block 0 1 3. 


1 2 3 4 5 6 7 


0 1 2 3 4 ) 6 This design is isomorphic to design 1. 
1 2 % x > 6 0 
3 4 2 6 0 1 2 


Use a table of differences to find the first row of the concurrence matrix for 
this design, and hence construct the concurrence matrix. 


ee 


In solving Problem 2.12, you should have discovered that all the non-zero 
differences in the table occur the same number of times. This is always the 
case for a balanced design. The following theorem follows from 
Theorems 2.7 and 2.8. 


Theorem 2.9 
A cyclic design is balanced if and only if the first block has the 


property that all non-zero varieties occur equally often among its 
differences. 


A first block which gives rise to equal frequencies for the differences is 
called a perfect difference set. The numbers in such a set may be thought of as 
points on a circle such that all distances between neighbouring points occur 
equally often. 


Definition 
A perfect difference set (modulo 7) is a set of distinct numbers 


{b,, by, ..., by} (modulo v) 


such that the vieieite differences 
b, —by, b, —b3, cee b,. — Dy 4 


include each non-zero number (modulo v) equally often. 


For example, {1, 2, 4} is a perfect difference set (modulo 7). In the set of 
non-zero differences, each non-zero number (modulo 7), namely, 1, 2, 3, 4, 5, 
6, occurs just once: 


2-1=1, 4-2=2, 4-153, 
1-2=6, 2-4=5, 1-4=4. 


Problem 2.13 


(a) By constructing the table of differences, show that {1, 3, 4, 5, 9} is a 
perfect difference set (modulo 11). 


(b) Use the result of part (a) to construct a cyclic BIBD with 11 varieties. 


Problem 2.14 


Which of the following are perfect difference sets (modulo 13)? 
(a) {0,1,2,3}; (b) {0,1,4,6); (c) {0,1,5, 7}. 


It is one thing to recognize perfect difference sets; it is quite another to 
construct them. However, we can simplify the search a little by using the 
following observations. | 


e — If one block of a cyclic design is a perfect difference set, then so is any 
other block. 


This means that we may choose a block that contains 0. Thus we may 
assume that the number 0 is contained in the set. 


e If all concurrences are equal, and hence non-zero, then Ag; is non-zero, 
and so there is a block containing both 0 and 1. 


This means that we may assume that the number 1 is contained in the set. 


Apart from these simplifications, the construction is largely by trial and 
error, or by using more advanced theory. 


In spite of these remarks, there is one theorem that we can use to obtain 
perfect difference sets. It uses the concept of a non-zero square (modulo v). 
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7 varieties 


For example, in the design in 
Problem 2.12, the blocks 013 and 124 
are both perfect difference sets. 


These numbers are obtained by writing down the squares 17, 27, 37, 4?, ... 
and reducing the answers (modulo v). 


For example, the non-zero squares (modulo 7) are 


2=1; 22=4; 32(=9)=2; 42(=16)=2; 52(=25)=4; 62 (=36)=1, 


thus, the non-zero squares are 1, 2 and 4 and the non-squares are 3, 5 and 6. 


Problem 2.15 


Write down: 
(a) the non-zero squares (modulo 11); 
{b) the non-zero squares (modulo 13). 


We now state the theorem. 


Theorem 2.10 


If v is a prime number of the form 4n + 3, where n is a non-negative 


integer, then the set of non-zero squares (modulo 7) is a perfect 
difference set. 


For example, for v = 4+ 3 = 7, the non-zero squares are 1, 2 and 4; it follows 
from Theorem 2.10 that {1, 2, 4} is a perfect difference set (modulo 7), as we 
have already seen. 


Similarly, for v = 8 + 3 = 11, the non-zero squares are 1, 3, 4, 5 and 9, as you 
saw in Problem 2.15(a); it follows from Theorem 2.10 that {1, 3, 4, 5, 9} is a 
perfect difference set (modulo 11). 


Problem 2.16 


Write down the non-zero squares (modulo 19) and use them to write down a 
perfect difference set (modulo 19). 


Constructions for BIBDs 


We conclude this subsection with four general constructions for balanced 
designs, based on these ideas. 


Construction 1 
Let p be a prime number of the form 4n + 3. 


To obtain a symmetric balanced design with parameters 
v=b=p, r=k=(p-1)/2, A=(p—-3)/4, 


take as first block the set of non-zero squares (modulo p); 


construct the other blocks using the cyclic construction. 


For example, for p = 11, the non-zero squares are 1, 3, 4, 5 and 9, and we 
obtain the balanced design 


1 2 3 4 5 6 7 8 9 10 861i 
1 2 3 4 2 6 4 8 9 10 0 
2 4 7 6 7 8 9 10 0 1 2 
4 a 6 7 8 9 10 0 1 Fd 5, 
5 6 ti 8 9 10 0 1 2 3 4 
9 10 0 1 pa 2 4 5 6 7 8 


Note that we need to calculate only 
the squares of the numbers 1, 2, ..., 
(v-1)/2, since (v —n)* = n* (modulo v); 
for example, when v = 7, we need 
calculate only 17,2? and 3, since 

4? = 37,52 =22 and 6? = 12. This cuts 
down the amount of work by half. 


The proof uses finite fields, and is 
beyond the scope of this course. 


Some prime numbers of the form 
4n +3 are 3, 4, 11) 19, 23,35, 43,2... 


See Problem 2.15(a). 
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Construction 2 


Some prime numbers of the form 


Let p be a prime number of the form 4n + 1. eee te ee 


To obtain a balanced design with parameters 


v=p, b=2p,°’r=p-1, k=Q@-)/2, Aa @-3)/2, 


take the set of non-zero squares (modulo p), and the set of non-squares 
(modulo p), and use the cyclic construction in each case; 


then put the two designs together. 


For example, for p = 5, the non-zero squares are 1 and 4, the non-squares are 
2 and 3, and we obtain the following design: 


l 2-3 4 -§7 4-7 427 @& 
1 2 3 4 0 | Z 3 4 0 1 In this case the design is unreduced. 
4 0 Lo 84, 


Construction 3 
Let p be a prime number of the form 4n + 1. 
To obtain a balanced design with parameters 
v=p+l, bays r=p, £2 eee, 


take the set of squares (modulo p), including 0, and the set of non-zero 


squares (modulo p), together with an extra variety z, and use the cyclic We adopt the convention that z 


construction in each case; remains unchanged in the cyclic 
construction. 


then put the two designs together. 


For example, for p = 5, the squares are 0, 1 and 4, the non-zero squares are 1 
and 4, and we obtain the following design: 


1 2 3 4 5 |e 7-43 
— a 2 i a. @ 
i 22 a be eee 2 
4 QQ 9 oD 9 4 Biel ool one Z 


Construction 4 
Let p be a prime number of the form 4n + 3. 
To obtain a balanced design with parameters 


v=p+l1, b=2p, t=p, ke @riee. £=G-1/2 


take the set of non-zero squares (modulo p), together with an extra 
variety z, and the set of non-squares (modulo p), together with 0, and 
use the cyclic construction in each case; 


then put the two designs together. 


For example, for p = 7, the non-zero squares are 1, 2 and 4, the non-squares 
are 3,5 and 6, and we obtain the following design: 


1 2 @ 4° 5 -6 “>Re 9 te- aoe 
Se oe oe eee 0 | 0 i Sle ee ee eee 
a= Bs ee ee re ae oe ae ae 
a ee 3 | 5 > - aes 
: : z z z 4 z | 6 0 1 2 . 4 5 
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Problem 2.17 


Which of the above four constructions would you use to obtain BIBDs with 
the following sets of parameters? 


(a) v=29, b=58, r=28, k=14, A=13; 
(b) v=30, b=58, r=29, k=15, A=14; 
(c) v=3l, b=31, r=15, k=15, X=7; 
(d) v=32, b=62, r=31, k=16, A=15. 


2.4 Computer activities 


The computer activities for this section are described in the Computer 
Activities Booklet. 


After studying this section, you should be able to: 


explain the terms concurrence matrix and concurrence 

and construct the concurrence matrices of small designs; 

state and prove the equation A(v - 1) = r({k - 1); 

state Fisher's inequality, and theorems on the complement and 
dual of a BIBD; | 

explain the term symmetric design; 

explain the term perfect difference set, and use such sets to 
construct cyclic balanced designs; 


use Constructions 1-4. 
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In this section we describe three important types of balanced design. The 
first of these are the Steiner triple systems, which arise in various problems 
of recreational mathematics. The second are the finite projective planes, 
which we introduced in Design 1. Finally, we discuss latin square designs 
which are useful in particular circumstances. 


3.1 Steiner triple systems 


Much of the early work on BIBDs centred around designs in which every 
block is small. When the block size k is 1, there are no connected designs, 
and when k = 2, the only connected BIBDs are unreduced designs in which 
the blocks are all possible pairs of varieties. 


The first interesting case occurs when k = 3. The smallest designs that can 
occur are those with A = 1, and this leads to the following definition. 


Definition 


A Steiner triple system is a BIBD with k =3 and i =1. 


Special types of balanced design 


Steiner triple systems, finite 
projective planes and latin squares 
are all of mathematical interest in 
their own right. 


We disallow the trivial design with 


v = 1, because of the condition k < v. 
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Problem 3.1 


Use the conditions A(v — 1) = r(k — 1) and vr = bk to show that, in any 
Steiner triple system, 


(a) r= (v-1)/2; 
(b) vis odd; 
(c) b =v(v-1)/6. 


Writing out the values of v for which v is odd and v(v — 1)/6 is an integer, 
we get the sequence of numbers 


7, 9, 13, 35; Dee ey 
each of which has the form 6n + 1 or 6n + 3, for some integer n. 


Thus, in any Steiner triple system, v has the form 6n + 1 or 6n + 3 for some 
integer n. 


This result is so important that we restate it as a theorem. 


Theorem 3.1 


In any Steiner triple system, v has the form 6n + 1 or 6n + 3 for some 
integer 1. 


It can be shown that Steiner triple systems exist for each of these values 
of v. 


For v = 7, every Steiner triple system is isomorphic to design 1: 


ree) 


yo =» - 
mo). @ & 
~ f XY 

Co} th Go & 
a a i 
So cf " oO 
=e of ™ 


For v = 9, every Steiner triple system is isomorphic to 


1 Zz 3 4, 5 6 7 § 9 16-232 12 
A B C A B C A B C A D G 
D 3 - a F D r D E B H 
_* H I I G H cou I G I 


For all larger values of v of the form 6n + 1 or 6n + 3, there are many non- 
isomorphic Steiner triple systems; for example, for v = 15, there are 80 non- 
isomorphic Steiner triple systems. For larger values of v, the number of 
non-isomorphic Steiner triple systems is not known. 


For v = 13, there are (13 x 12)/6 = 26 blocks, by part (c) of Problem 3.1. The 
cyclic construction gives only 13 blocks, but we can put together two cyclic 
designs to obtain 26 blocks. We take the cyclic designs constructed from the 
blocks 014 and 057 respectively, and consider the design obtained by 
putting these designs together. In this design, variety 0 has concurrence 1 
with every other variety. By the cyclic construction, all concurrences are 1, 
so this does provide a Steiner triple system with 13 varieties. The design 
is 


i 3 1243 | 14 1s te... 25 6 
2 eo ae a i eae v. 
t--% S34 i Se ee ee 
a aa oe 5 6 
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We disallow the values v = 1 and v=3, 
because of the condition k < v. 


J. Steiner (1796-1863) 
Jakob Steiner was a Swiss 
mathematician who spent most of his 
working life in Berlin. A pupil of the 
educational reformer Pestalozzi, he 
was an outstanding geometer who was 
a strong advocate of the synthetic 
approach to geometry. 


For v = 15, there are (15 x 14)/6 = 35 blocks, by part (c) of Problem 3.1. 
Interest in Steiner triple systems with fifteen varieties is largely due to 
the following problem, posed by the Reverend Thomas Kirkman in 1850. 


15 schoolgirls problem 


Is it possible for 15 schoolgirls to walk in 5 groups of 3 girls (so that 
each girl has two companions) on each of 7 successive days, in such a 
way that each girl is accompanied by every other girl exactly once? 


Clearly, what is required is a Steiner triple system with 15 varieties, 
satisfying the extra condition that the blocks must be grouped together in 
fives to form the complete parties for each day. One solution to this 
puzzle is as follows: 


Monday Tuesday Wednesday Thursday 

i 4-36 7 20. 7 . 2ee"gi 5 Peggeweug 
2 8 10 11.9 2 O12. BS 20) inhi Mellss 8 13 4 11 10 
eee ee ee CU I 1 7 14 10 15-13 99 17 we 
Friday Saturday Sunday 

1-23 oS F i 2. 6°44 t 2-3 4 7 

es 7 Se” U2 8 US I 8 Mw e.3 9 iI 

fee et?) 138 7 1 ie 1S 1 6 O13. 12 

Problem 3.2 eee 


Find a solution to the corresponding ‘9 schoolgirls problem’ — that of 
arranging walks for 9 schoolgirls in groups of 3 on 4 successive days, so that 
each girl is accompanied by every other girl exactly once. 


Historical note 

The development of Steiner triple systems was quite separate from that of 
experimental design. In 1853 Jakob Steiner described Steiner triple systems and 
showed that, for such a system, v must have the form 6n + 1 or 6n + 3 for some 
integer n. He asked whether every such value of v does in fact have a Steiner 
triple system, and in 1859 M. Reiss showed that this is indeed the case. Quite 
independently, and presumably unknown to Steiner and Reiss, Thomas Kirkman 
had asked and answered the same question in 1847. In 1850 Kirkman asked 
which of these designs can be split up into complete ‘parties’, as in the 
schoolgirls problem. 


3.2 Finite projective planes 


In Design 1, we introduced the following example. 


Example 3.1: the Fano plane 


The Fano plane has seven points and seven lines, each line being incident 
with three points, and each point being incident with three lines. It can 
be drawn as follows. 


T. P. Kirkman (1806-1895) 
Thomas Penyngton Kirkman was 
rector of the parish of Croft in 
Lancashire for over fifty years. In his 
spare time he published a number of 
important papers in mathematics. He 
was elected a Fellow of the Royal 
Society in 1857. 


Six of the lines are drawn as line 
segments, while one is drawn as a 
curve. In Design 1 we labelled the 
points with numbers; here we use 
letters. 
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The block table of the Fano plane lists the points that lie on each line, as 


follows: 
1 - 3 4 5 6 7 
A B = D E F G 
B Cc D i F Gci-.A This is design 1 of Section 2. 
D a F G A B G 


This block table is a cyclic block design with seven varieties arranged in 
seven blocks of size 3. 8 


We saw that the Fano plane is an example of a finite projective plane. 


Definition 


A finite projective plane is a regular incidence structure in which: 


(a) for each pair of distinct points, there is exactly one line incident 


with both; 


(b) for each pair of distinct lines, there is exactly one point incident 
with both. 


The following example of a finite projective plane also appeared in 
Design 1. 


Example 3.2: the 13-point plane 


This projective plane has 13 points and 13 lines, each line being incident Again, we have labelled the points 
with four points, and each point being incident with four lines. with letters. 


1 2 3 4 5 6 7 8 9 10 i121 12 13 
B ‘a D E r G H I ‘i K be M.A 
D E r G Hi I J K L M A B c 
G H I ’ K L M A B C D a . 
H I ] K i M A B C D a F G 


This is a cyclic block design with thirteen varieties arranged in thirteen 
blocks of size 4. & 


Each of these finite projective planes is a block design whose varieties 
correspond to the points and whose blocks correspond to the lines. Since 
any two points lie on just one line, any two varieties appear together in just 
one block; thus in each case we have a symmetric balanced design with i = 
1. The parameters of these block designs are as follows: 

7-point projective plane: v=b=7, r=k=3, h=1,; 

13-point projective plane: v=b=13, r=k=4, A=1. 
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Any finite projective plane has equal numbers of points and lines, and 
these numbers are always of the form n? +n + 1, for some integer n. 
Moreover, there are exactly n + 1 points incident with each line and It may seem more natural to take n 


exactly n + 1 lines incident with each point. points on each line and 1 lines 
through each point. The reason for 
In general, we make the following definition, which is equivalent to the taking n + 1 instead of n is given at the 


definition given in Design 1. The 7-point and 13-point projective planes end of this subsection. 
correspond to the cases n = 2 and n = 3, respectively. 


Definition 


A finite projective plane of order n is a symmetric BIBD with the 


following parameters: 
v=b=n*+n+1, r=k=n+1, A=1. 


Problem 3.3 


Verify the equation A(v —1) = r(k — 1) for a finite projective plane of 
order n. 


We now prove that these definitions are equivalent. 


Theorem 3.2 


The above two definitions of a projective plane are equivalent. 


Proof 
We first assume that A is a symmetric BIBD with parameters 
v=b=n*+n+1, r=k=n+1, A=1. 


We must prove that any two distinct points lie on just one line, and any two 
distinct lines pass through just one point. 


We take the varieties of A as points and the blocks of A as lines; then the 
fact that A = 1 implies that any two points lie on just one line. 


Since A is a symmetric BIBD with A = 1, its dual A* is a symmetric BIBD 
with A* = 1, by Theorem 2.6 and Problem 2.10. But in A* the varieties are 
the lines and the blocks are the points; thus, the fact that M" = 1 implies 
that any two lines pass through just one point. 


We now assume that A is a regular incidence structure in which any two 
points lie on just one line and any two lines pass through just one point. We 
must prove that A is a symmetric BIBD with the given parameters. 


We take the points of A as varieties and the lines of A as blocks. Since A 
is a regular incidence structure, we obtain a regular equi-replicate design. 
Thus, any two lines contain the same number of points and any two points 
lic on pase teieeugh the same number of paests. Moreover, since any two distinct 
points lie on exactly one line, this design is balanced with concurrence 1. 


Suppose that the number of points on each line is n + 1. To show that the n+ 1 points 
total number of points is n? + n + 1, we choose any point P and consider the 
lines passing through P. These lines are obtained by joining P to the n + 1 
points on a given line |, as shown in the margin. Since each of these lines 
contains exactly n points other than P, the total number of points other 
than P is n(n + 1), and so the total number of points including P is n2 +n +1, 
as required. 


n points 


Thus we have a balanced design with v =n? +n+1,k=n+1 anda =1. P 
Applying the equations A(v — 1) = r(k — 1) and ur = bk, we deduce that 

r=v-1)/(kK-1)=1x(n*2 +n)/n=n+4+1, 
and 

b=or/k=(n* +n+1)(n+1)/(n+1)=n2 4+n+4+1. 


It follows that A is a symmetric BIBD with the required parameters. Ml 
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Projective planes of order n do not exist for all values of n. However, they 
do exist in the following important case. 


Theorem 3.3 


If n is a power of a prime number, then there exists a finite projective 
plane of order n. 


For example, there exist projective planes of order 2 (the Fano plane), 3 
(the 13-point plane) and 4 (a projective plane with 21 points and 21 lines). 
However, there do not exist projective planes of order 6 or 10. It is not 
known whether there exist any projective planes of order n, when n is 
larger than 10 and not a prime power; for example, it is not known 
whether there exist projective planes of order 12, 15 or 18. 


Problem 3.4 


Do there exist symmetric block designs with the following sets of 
parameters? 


(a) v=b=91, r=k=10, A=]; 
(b) v=b=111, r=k=11, A=]; 
(c) v=b=133, r=k=12, h=1. 


3.3 Latin square designs 


Up to now we have concentrated mainly on designs for experiments with a 
single system of blocks, although we pointed out that in some situations 
the experimenter should make allowances for more than one type of block. 
In some situations there are two types of block which cross each other. The 
following example describes a typical situation. 


Example 3.3 


Consider an experiment designed to compare the effects of four drugs A, B, 
C, D in alleviating pain in sufferers from a chronic disease over a period of 
2 years. In order to be sure of eliminating the effects of idiosyncratic 
reactions of individual patients, the doctor suggests that each patient 
should be given each drug in turn for a period of six months, say. If the 
disease is chronic, this is feasible. However, it is no good simply giving 
every patient drug A for the first six months, drug B for the second six 
months, and so on, since the severity of the disease may change with time. 
If the health of all the patients deteriorates during the experiment, then 
(whether or not this is a side-effect of drug A) the first and last drugs are 
not being tested in comparable conditions. So in this case there are two types 
of block — patients and six month periods. Each patient receives a single 
drug throughout each period, so.the plots are the patient-months. 


months 


1-6 7-12 13-18 19-24 


patients 


Oo Ff OG oy = 
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We omit the proof of this theorem. 
Note that, by taking n + 1 as the 
number of points on each line, rather 
than n, we obtain an easy-to-state 
result; with n points on each line, we 
should have the less natural result 
that n —1 is the power of a prime. 


How should the drugs be allocated? We have already specified that each 
patient should receive each drug for just one period, this eliminates 
differences between patients. To eliminate differences between time- 
periods, we should allocate each drug to a quarter of the patients in each 
period of six months. 


If there were only four patients, a possible solution would be 


months 
1-6 7-12 13-18 19-24 
1 A B . D 
patients 2 D A B c 
2 i D A B 
4 B k D A 


Typically there would be more than four patients in the experiment, but, 
provided the number of patients is a multiple of 4, we can simply use 
several copies of the above design. This design is an example of a latin 
square. 3 


Definition 


A latin square of side n is an n x n square with n symbols arranged in 


such a way that each symbol occurs just once in each row and just once in 
each column. 


Examples of latin squares are: 


A B 1 Z 3 4 = 
B A and 2 4 5 3 : 
3 1 4 5 2 
+ S) z 1 2 
5 2 1 a + 
Problem 3.5 


(a) Construct a latin square of side 3 using the letters A, B and C. 
(b) Complete the following latin squares: 
1 - 3 A = B - 
a ae - = & -% 
on 2 eee 
oe ee 
(1) (2) 


Constructions for latin squares 


There are a number of methods for constructing latin squares. Of these, the 
simplest are the cyclic constructions and the Steiner triple system method. 


Cyclic construction 


In the first row, write down n letters in any order. 


In each subsequent row, shift the letters one place to the right, moving 
the last one to the beginning. 


of 


For example, for n = 4, the following latin square arises from this 


construction: 
Af >> 2 
Po et be 
c PP A Ft 
| a i ee 
The following construction is a more general version of the cyclic 
~ construction. 


Extended cyclic construction 


In the first row, write down n letters in any order. 


In each subsequent row, shift the letters r places to the right, moving 
the last r letters to the beginning; r can be any number from 1 to n such 
that r and n have no common factor. 


If n is a prime number, then r can take 
any value from 2 to n—1. 


For example, for n =5 and r = 2, the following latin square arises from this 


construction: 
A 2 -C 2 = 
Dp 2 i =e 
B ;. P=: 4 
ae aes ee 
oe ee eae ae 
Problem 3.6 


(a) Use the extended cyclic construction with n = 8 and r = 3 to obtain a 
latin square with the symbols A, B, ..., H. 


(b) Repeat part (a) with r = 6. What goes wrong? 


The following construction is one of several constructions for latin squares 
using Steiner triple systems. 


Steiner triple system construction 


Take a Steiner triple system with n varieties labelled 0, 1, ...,n— 1; 
label the rows and columns of the latin square similarly, and write 0, 1, 


.... 2-1 down the main diagonal. The main diagonal goes from top left 
to bottom right. 

For each pair of varieties A and B, find the block of the Steiner triple 

system containing the varieties A and B, and place the third variety of 


that block in row A and column B of the latin square. 


For example, for n = 7, we take the Steiner triple system on the left below 
and construct the latin square on the right: 


Cc 41 -2.62 oo 6 
Le AD ee 
S £35 4-2 


Since variety 3 appears in the same block as varieties 0 and 1, we place 3 
in row 0 and column 1 of the latin square; for the same reason, we can also 
place variety 3 in row 1 and column 0, variety 0 in row 1 and column 3 and 
in row 3 and column 1, and variety 1 in row 0 and column 3 and in row 3 and 
column 0. This gives the following pattern. 
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Problem 3.7 


Complete the above latin square using this construction. 


Remarks on latin square designs 


You may have noticed that the latin square solution to the design problem 
for the drug experiment works only because the blocks satisfy some special 
conditions: 


e each type of block is complete, so we do not have the complication of 
constructing incomplete block designs for each family of blocks 
separately; 


e each block of one type (patients) has exactly one plot in common 
with each block of the other type (six-month periods); 


e in this case of just four patients, a typical block of eachMype has the 
same number of plots as there are varieties. 


In spite of these conditions, the latin square is a very useful design. Before 
illustrating the wide applicability of latin squares, we consider another 
example. 


Example 3.4 


Ten varieties of winter wheat are to be grown in a field consisting of one 
hundred plots laid out in a 10 x 10 array; each plot is a rectangle, not 
necessarily square. We have previously discussed the difficulty of 
deciding on the proper size and shape for blocks in this situation. One 
common solution is to adopt two families of blocks — the rows and the 
columns of the array. The reason behind this is that plots with similar 
fertility are likely to lie in neighbouring rows and columns, so that 
elimination of row differences and column differences will go a long way 
towards the elimination of genuine plot differences. 


EEREERR 6 
| tT Li | | LT Tt | tT 
old waste tip shade from trees underground stream 


neighbouring plots have similar fertility neighbouring plots do 
not have similar fertility 


In some situations this approach does not work — for example, fertility 
differences may correspond to diagonal lines. However, if there is no 
particular reason for suspecting this to be the case, then the experimenter 
is fairly safe in taking rows and columns as the two systems of blocks. If 
there are the same number of rows and columns, as in this example, then a 
latin square design is appropriate. A suitable latin square for this 
example can be constructed using the cyclic construction. 2 


There are various ways of adapting 
the basic latin square to less 
restrictive conditions, although we 


shall not deal with them in this course. 


See Example 1.5. 
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Uses of latin squares 


In spite of their apparent limitations, latin squares have many uses. In 
each of the uses described below we denote by n the size of one side of the 
square. 


1. Two systems each containing n complete blocks, each block of one system 
having just one plot in common with each block of the other system, and n 
varieties. 


This is the use we have described in the two preceding examples. In some 
applications, the layout of the plots may actually be square, as in the 
wheat experiment, but it does not need to be. In some applications, the 
blocks of one (or both) types may need to be placed in a particular order. 
For example, in the drug experiment, the time-periods occur in a definite 
order but the patients do not. In some experiments, there is no particular 
spatial or temporal ordering on either system of blocks. 


2. One system containing n blocks of size n, and n? varieties, which are all 
the possible combinations of two treatment factors, each of which has n different 
‘levels’. 


In this case the rows can be used for the blocks; the columns give the ‘level’ 
of the first factor; the letters give the ‘level’ of the second factor. 


For example, consider an experiment to find the effect on tomato plants of 

four different types of watering schemes, labelled from 1 (for infrequent Here there are the four ‘levels’ of 
heavy watering) to 4 (for very frequent light watering) and four different watering and four ‘levels’ of compost 
types of compost, labelled A, B,C and D. There are four glasshouses, reatment. 

which form the blocks, and each of these has four plots — that is, groups 

of tomato plant receiving the same treatment. The varieties are the 

sixteen combinations such as Al, which denotes watering scheme 1 

applied to plants grown in compost A. Using the latin square shown on the 

left, we obtain the design shown on the right: 


[ee eee tee Mo Ci, Bi 
D * 2 DO Aden B2 Ei? 
Cp =e C3 D3 A3_ B3 ‘ 
B> £3 BA. Gay 1c Dh iy. A 


The glasshouses are the blocks 1, 2,3 and 4. The use of a latin square 
ensures that each glasshouse contains each compost and each watering 
scheme, even though no glasshouse is big enough to contain all sixteen 
varieties. 


We introduce further uses of latin squares in Section 4. 


After studying this section, you should be able to: 
explain the term Steiner triple system; 
state a result on the number of varieties of a Steiner triple 
system; | 


explain the term finite projective plane, and give ; an 1 example 
of one; 


write down the parameters of a finite projective a of 
order n; 


state a result on the order of a finite projective plane; 
explain the term latin square; 


construct latin squares by applying various standard 
constructions; 
describe some uses for latin squares. 
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4 Resolvable designs 


In the designs we have considered so far, we have always been concerned 
with the experiment as a whole. However, it is often desirable in practice 
to split an experiment into a number of smaller experiments. In this section 
we study the block designs that arise when this is possible. 


4.1 Resolvability 


In 1948 an experiment was carried out to compare sixteen allergens used to 
detect tuberculosis in cattle. It was decided that there were four main 
areas on each cow, each area being large enough for a complete test of 
about four of the allergens. In such circumstances it is natural to treat the 
areas as blocks and the individual cows as larger blocks. If between them 
the four blocks on each cow can have each allergen exactly once, then one 
can eliminate any variations between the responses of the cows to the 
allergens when estimating the differences between the allergens 
themselves. 


There are several further reasons for wanting to split an experiment into 
smaller experiments. 


Time Certain operations to be carried out during an experiment take a 
long time, and external conditions may change during the process. For 
example, in a large cereal-growing experiment it may be impossible to 
harvest the whole crop in a single day. As it may rain overnight, there 
can be a substantial difference between plots that are harvested at 
different times. In order that the comparison of varieties is not affected by 
the different harvest times, the plots harvested on each day should 
include each variety equally often. Thus we need a design in which we can 
group the blocks into smaller equi-replicate designs. 


Convenience The technician with the job of running an experiment is 
rarely the person who devised it, and may be less interested in the 
intricacies of an elaborate design than in how to complete the job with the 
minimum of trouble. Thus, instructions such as ‘water first this batch of 
blocks and then that batch’ are more likely to be carried out correctly than 
complicated instructions such as ‘first water the second plot in block 5, 
then ...’.. Machines require this ‘batching’ of blocks just as much as people 
do: for example, modern farm machinery makes it impracticable to 
plough, seed, hoe or spray a small area of land at a time. 


Extra treatments It is not uncommon for an experimenter to introduce a new 
treatment once an experiment is already under way. For example, in an 
experiment on fruit, designed to compare different root-stocks, the 
experimenter may also decide to see whether spraying the fruit has any 
effect. A treatment such as spraying is conveniently applied only to whole 
blocks at a time. In order that the effects of the spraying do not become 
muddled with those of the differences between root-stocks, the sprayed 
blocks should include each variety equally often. 


Averting disaster Sometimes something may go wrong with part of an 
experiment — for example, crows may eat most of the corn in one of the 
fields. If the experiment is laid out so that it divides into groups of blocks 
containing each variety just once, then it is more likely that the 
undamaged part of the experiment will include all varieties equally 
often, and so give as precise information as is possible under the 
circumstances. 


We make the following definitions. 
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Definitions 


A replicate is a set of plots containing each variety exactly once. 


An incomplete block design is resolvable if its blocks can be grouped into 
replicates. 


For example, the design 


1 zZ 3 4, 5 6 7 8 9 10 11 12 
A A A A B B B C cj G 
B D = F D 3 F D ee 3 a H 
C G I H i fe |, I ; 


is resolvable as its blocks can be grouped into four replicates as follows: 


” € 10) 


og. ee a ee 
| This design is essentially the Steiner 
= ~ C A B Cain Aerl) 3 Ciiiexé reyes & triple system with 9 varieties given in 
D E F E r D | Fr D 3 B H the solution to Problem 3.2. 
6 SPs eee ee ee 


Similarly, the design given in the solution to Kirkman’s ‘15 schoolgirls 
problem’ in Section 3 is resolvable. Indeed, the requirement that the 
blocks of schoolgirls can be grouped into complete parties for the various 
days is exactly the condition of resolvability. 


Problem 4.1 


Decide whether each the following designs is resolvable. For each 
resolvable design, group the blocks into replicates. 


(a) To 2h 8) -4/> 5 — erage 


an oe oe Le ee eee 
& ££ > es 2 ee 
, -(/? (gf fe f . bi: fee 
es a ee a ee 
A. 2 aoa eee 
C 4p. A > == 8 
a a oe he eae 


While attempting Problem 4.1, you may have noticed that, for each 
resolvable design, the number of varieties must be divisible by the block 
size. We now prove that this is always the case. 


Notation 


The letter s is in standard use for this 
parameter. 


We denote by s the number of blocks in each replicate in a resolvable 
design. 


Theorem 4.1 


In a resolvable incomplete block design, Theorem 4.1 shows that a design 


cannot be resolvable unless v /kis an 
(a) vu=sk; (b) b=rs. integer. 
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Proof 


(a) Ineach replicate there are s blocks of size k, making sk plots 
altogether. Each variety occurs just once in each replicate, so there 
are v plots in a replicate. Thus v = sk. 


(b) Each variety occurs once in each replicate and r times altogether, so 
there are r replicates. Each replicate contains s blocks, so there are rs 
blocks altogether. Thus b = rs. & 


Problem 4.2 


For which values of v can there exist resolvable Steiner triple systems 
with v varieties? 


There are few designs that are both resolvable and balanced, because a 
resolvable balanced design needs even more blocks than an arbitrary 
balanced design. The following result is an extended version of Fisher's 
inequality. We omit the proof. 


Theorem 4.2 


In any resolvable BIBD, b2v+r-1. 


An example of a design that is both balanced and resolvable is the Steiner 
triple system with nine varieties; here, v =9, b = 12 and r = 4, and so 
b=v+r-1 in this case. 


Problem 4.3 


Verify the inequality in Theorem 4.2 for a Steiner triple system with 15 
varieties. 


4.2 Constructions for resolvable designs 


In many practical situations the number of plots is extremely limited, and 
so the parameters b and r must be small. This means that, on average, the 
concurrences must also be small. In Section 2 we showed that when all the 
concurrences are the same their common value is equal to r(k — 1)/(v —- 1). 
Even if the concurrences are not the same, their average value must be 
r(k —1)/(v — 1). This is approximately equal to rk/v, which equals r/s, by 
Theorem 4.1. But in many situations, r is so small that r/s < 1; this means 
that the average concurrence is less than 1, so that some concurrences must 
be 0. For the same average concurrence, we obtain a more even spread when 
each concurrence is 0 or 1 than when some concurrences are 0 while others 
have value 2 or more. 


In view of this, we make the following definition. 


Definition 


A (0, 1)-design is a block design in which each concurrence is 0 or 1. 


The rest of this section is devoted to some important constructions for 
resolvable (0, 1)-designs. 


Square lattice designs 


In 1936 Frank Yates introduced a family of resolvable (0, 1)-designs called 
square lattice designs. They are very simple to construct and, of all the 
resolvable designs with the same parameters, they have been shown to be 
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the most ‘efficient’ designs in terms of the overall precision of their 
estimates. They apply when s =k, so that v = k* is a perfect square. The 
construction is as follows. 


Construction of simple lattice design 
Write down the k* varieties in any order in a k x k square array. 


For the first replicate, take the rows of the square as blocks of the 
design. 


For the second replicate, take the columns of the square as blocks of the 
design. 


For example, for v = 16 and k = 4, we proceed as follows. 


We first label the varieties 1 — 16, and write them in a 4 x 4 square array 
in any order, such as 


1 2 3 4 


1 2 3 4 
1 5 7 a3 
¥ 6 10 14 
3 (ae 
~ Sig See 


The blocks of the second replicate are the columns of the array: 


5 6 7 §8 

1 2 3 + 

5 6 7 8 

o Oe es ae 

13 14 15 = 16 
These two replicates are the minimum that we need to obtain a connected 
design, and the resulting 2-replicate design is called a simple lattice 
design. Note that any two varieties in the same row occur together in the 
first replicate but not in the second, and any two varieties in the same 
column occur together in the second replicate but not in the first. No other 


pairs of varieties occur together. Thus the simple lattice designs are (0, 1)- 
designs. 


We can extend the above construction, without destroying the (0, 1)- 
property, to obtain a 3-replicate design, called a triple lattice design, as 
follows. 


Construction of triple lattice design 
Construct a simple lattice design with two replicates as above. 


Construct a third replicate from the square array as follows. 


The first block contains all varieties on the main (top-left to bottom- 
right) diagonal. The other blocks are the other ‘diagonals’ in the same 
direction. 


ot 


For example, for v = 16, the top-left to bottom-right diagonals are 
1 2 3 4 
: a ee 
5 6 ‘i 8 
ae oe 
io 14. 45. She 


and the blocks of the third replicate are 
So 16-13. 42 


1G 45.44 


i: & Se a . 6 Ff ¢@ | 62 2 22 


i 
———<- | a : a ae 
ie Oe ee ee 
1 FP A ee a ee. ST 
8 ABS 6 ig ee 1 hel 
replicate 1 replicate 2 replicate 3 


Note that any two varieties which occur together in the third replicate 
do not appear in the same row or column, and so they do not occur together 
in either of the first two replicates. Thus we have a (0, 1)-design. 


Problem 4.4 


Construct a 3-replicate square lattice design with 25 varieties (labelled 
A, B, ..., Y) in blocks of size 5. 


Rectangular lattice designs 


An obvious disadvantage of the square lattice construction is that it 
applies only when the number of varieties is a perfect square. In 1947 
B. Harshbarger extended the above idea to cover the case when s =k + 1 
and v =k(k + 1). The construction is as follows. 


Construction of rectangular lattice design 


Write down the k(k + 1) varieties in any order in a (k + 1) x (k + 1) 
square array with the main diagonal missing. 


For the first replicate, take the rows of the square as blocks of the 
design. 


For the second replicate, take the columns of the square as blocks of the 
design. 


For example, for v = 12 and k = 3, we proceed as follows. 


We label the varieties 1 - 12, and write them in a 4 x 4 square array in any 
order, such as 


- 1 2 3 
4 — = 6 
‘4 8 - 9 
6 te 
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The blocks of the first replicate are the rows of this square array: 


1 
1 
2 
3 


The blocks of the second replicate are the columns of the array: 


5 
4 
3 
10 


Combining these replicates, we obtain the following design: 


1 


1 
2 
cS) 


In general, we cannot go on to construct a third replicate in the way we did 
for square lattice designs. 


2 
4 
> 
6 


6 
1 
8 
11 


2 
4 
5 
6 


replicate 1 


Problem 4.5 


Construct a 2-replicate rectangular lattice design with 20 varieties 


3 


7 
8 
9 


7 
2 
2 
12 


3 
4 
8 
9 


4 
10 
11 
iY 4 


8 


3 
6 
2 


5 
+ 
7 
10 


A, B, ..., T, in blocks of size 4. 


By omitting further diagonals, we can extend the rectangular lattice 
construction to any situation in which k <s. For example, we can obtain a 
2-replicate rectangular lattice design with 15 varieties in blocks of size 3 
by noting that v = 15, k = 3, and sos = 5. Since s —k = 2, we omit two 


6 
1 
8 
11 


7 8 
2 3 
5 6 
12 9 


replicate 2 


diagonals from a 5 x 5 square array, as follows: 


4 
7 
10 


13 


1 


14 


2 
Me 


15 


3 
6 
9 


The resulting 2-replicate design is 


3 
‘i 
8 
9 


4 
10 
11 
12 


replicate 1 


1 a 
1 4 
2 5 
3 6 
Problem 4.6 


Construct a 2-replicate rectangular lattice design with 8 varieties (1, 2, 3, 


i 


| 


6 
4 
7 


8 9 

1 fe 
iz 5 
14 15 


replicate 2 


... 8) in blocks of size 2. Do this in two ways: 


(a) by omitting neighbouring diagonals of the appropriate square; 
(b) by omitting alternate diagonals. 
Compare the two designs. 
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1 2 
- 5 
8 = 
i ote 


square array 


The previous problem illustrates the fact that, when s —k > 1, different 
choices of the diagonals to be removed can lead to essentially different 
designs. The effect is not always as drastic as that we have just seen: 
omitting the ‘wrong’ diagonals does not necessarily lead to a disconnected 
design, but it can give a design whose overall precision is less than it need 
be. Thus rectangular lattices should be used with great care when s —k > 1. 
Although you can eliminate the disconnected designs yourself, you would 
be wise to seek a statistician's advice as to the relative merits of the 
various possible connected designs. 


4.3 Orthogonal latin squares and resolvability 


Latin squares are of widespread use in the design of experiments. We now 
illustrate their use in the construction of resolvable designs. 


Recall from Section 4.2 that we can use the square lattice design to obtain © 


a 3-replicate (0, 1)-design, provided that the number of varieties is a 
perfect square. To do this, we start with a square array of numbers and 
take its rows as the blocks of the first replicate, its columns as the blocks 
of the second replicate, and its diagonals as the blocks of the third 
replicate; for example, for 16 varieties, we obtain the following design: 


‘3 


ee a ee a ee ee 
eo ee ee oe a aa 
a Se ee ee 
3- 7 ie : ¢ 10 Meow aertt oanpe 9: 40 
oe ee ee ee 


replicate 1 replicate 2 replicate 3 


Another way of obtaining the third replicate is to take the latin square 
given below and note the positions of each letter in relation to the square 
array, as follows: 


A 8 @- 2 
D_ A #8 2 
C= 
B.C 


letter A appears in positions 1, 6, 11 and 16, so we take these numbers as 
the varieties in block 9; 


letter B appears in positions 2, 7, 12 and 13, so we take these numbers as 
the varieties in block 10; 


letter C appears in positions 3, 8, 9 and 14, so we take these numbers as the 
varieties in block 11; 


letter D appears in positions 4, 5, 10 and 15, so we take these numbers as 
the varieties in block 12. 


So far, nothing has been gained by using latin squares. We now show how 
we can use latin squares to obtain more than three replicates. The method 
uses the concept of orthogonal latin squares. To understand this idea, 
consider the following two latin squares: 


A B .. D A B a D 
B A D a C D A B 
C D A B D * B A 
D C B A B A D * 


latin square 1 latin square 2 


iS 


2 cS 
6 7 
1 oF] 
ae 


square array 
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We now superimpose these two latin squares into a 4 x 4 square array of The phrase ordered pair means that, 
ordered pairs of letters so that, in each pair: for example, the pair DB is regarded 
; as different from the pai 
the first letter is the corresponding letter in the first latin square; en Sse 
the second letter is the corresponding letter in the second latin square; 


for example, the pair DB in the bottom left-hand corner arises from the 
letters D and B in the bottom left-hand corners of the separate latin 
squares. 


AA fo. 4 ee 
BC AD DAS ce 
CD tx #4 aa 
DB CA #80 A. 


Note that each of the sixteen possible ordered pairs of letters AA, AB, 
AC, ..., DD occurs just once; when this happens, the latin squares are said 
to be orthogonal. 


Definition 


Two n Xx n latin squares are orthogonal if, when they are superimposed, 
each of the n? possible ordered pairs of letters occurs just once. 


We now use the above two orthogonal latin squares to obtain further 
replicates for the square lattice design. Recall that the first two 
replicates, derived from the rows and columns of the square array, are as 


follows: 
1 2 3 4 5 6 7 8 
1 5 9 13 | y 3 4 1 2 3 4 
2 6. We ee ee, rae Be 
3,98 a a i a i $10. 1 
‘- 8-1 eS ee eee He 13 14 15 16 
replicate 1 replicate 2 a 
To obtain two more replicates, we consider the orthogonal latin squares We no longer use the diagonals of 
above and note the positions of each letter in turn, as follows: the square array, because there is 
no latin square orthogonal to the 
Third replicate one we considered previously. 
(See Exercise 4.5.) 
letter A appears in positions 1, 6, 11 and 16, so we o 16. 11 
take these numbers as the varieties in block 9; 1 ”) 4 A B c D 
letter B appears in positions 2, 5, 12 and 15, so we 
take these numbers as the varieties in block 10; 6 5 § | oe: oe 5a © 
letter C appears in positions 3, 8, 9 and 14, so we 
take these numbers as the varieties in block 11; MW 1 9 10 C DAB 
letter D appears in positions 4, 7, 10 and 13, so we 14 15 14 13 D Cc B A 
take these numbers as the varieties in block 12. 
replicate 3 latin square 1 
Fourth replicate 
letter A appears in positions 1, 7, 12 and 14, so we 13 14 15 16 
take these numbers as the varieties in block 13; 1 9 3 4 A B Ee D 
letter B appears in positions 2, 8, 11 and 13, so we 
take these numbers as the varieties in block 14; 4 8 5 6 E- ee SS 
letter C appears in positions 3, 5, 10 and 16, so we 
take these numbers as the varieties in block 15; 12 11 10 9 ne B A 
letter D appears in positions 4, 6, 9 and 15, so we 14 13 16 15 B A D ‘+ 
take these numbers as the varieties in block 16. 
replicate 4 latin square 2 
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Collecting the replicates together, we obtain the following 4-replicate 
(0, 1)-design: 


ea eee | ee Se oe | 9 foe 42) 1314 15 
5 a a ee | ee 
oe ee | ee ae ee a 
ae a : ¢ wo 2 | i ee eB oe a 
ao a ee | i a Be. 1 | 6 15 14 «13 | i 6 % 
replicate 1 replicate 2 replicate 3 replicate 4 
Problem 4.7 


(a) Construct a 4 x 4 latin square with first row A B C D which is 
orthogonal to each of the above orthogonal latin squares. 


Hint Which letter must appear in the bottom-left corner? 


(b) Use the latin square in part (a) to construct a fifth replicate for the 
above (0, 1)-design. 


4.4 Computer activities 


The computer activities for this section are described in the Computer 
Activities Booklet. 


After studying this section, you should be able to: 
¢ explain the terms resolvable design, replicate and (0,1)-design; 


° appreciate the importance of resolvable designs in the design of 


experiments; 
e construct 2-replicate and 3-replicate square lattice designs; 
e construct 2-replicate rectangular lattice designs; 


¢ recognize orthogonal latin squares and use them to construct 
resolvable (0,1)-designs. 


5 Balanced designs and codes 


In Design 3 we gave several examples of error-detecting and error- 
correcting codes, and we introduced the idea of Hamming distance. In 
particular, we showed that 


e if the minimum Hamming distance is 6, and if 6 is odd, then the code 
can detect and correct up to (6-1)/2 errors. 


* if the minimum Hamming distance is 4, and if 4 is even, then the code 
can detect up to 6/2 errors and correct up to (6 —2)/2 errors. 


It follows that the more ‘spread out’ the codewords are, the more errors 
the code can detect and correct. 


It is natural to ask whether we can construct codes in which all the 
Hamming distances between pairs of codewords are approximately the 
same, and thus are well spread out. In this section we show that we can do 
better than this. Starting with a balanced block design, we show how its 
incidence matrix gives rise to a binary code in which all the Hamming 
distances are equal. 


Design 3, Theorem 1.1 


16 


15 
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5.1 Codes derived from BIBDs 


Before describing the method in general, we look at a particular example. 


Example 5.1 


Consider the following BIBD with parameters v = 6, b = 10, r =5,k =3 and 
dX = 2: 


1 v 3 4, 5 6 7 tS) 9 10 
A B a D E A B C D E 
B C D E A i D E A B 
r F r r F D 3 A B . 


The incidence matrix of this design is the following 6 x 10 matrix B: 


25 45 67 83 
All @ @ @ 42-43-82 7°32 
Bil 4 2 Oe es as 
Clq i 1-8 Oe et ee 
Mg 0-1-12-8- 2 oe 4 8 
ED 03 1-2-8 
Fil 1.1.24 “Oi 2 


Let us now consider the code whose codewords are the rows of this matrix. 
Since v = 6 and b = 10, we have six codewords of length 10: 


1000110110, 1100001011, 0110010101, 0011011010, 0001101101, 1111100000. 


If we compare any two of these codewords, we find that the Hamming 
distance between them is 6. For example, if we compare the first two 
codewords, we get 


1 00 0) te 2 oe 
1 1-e3 0 0 1-0 oe 
T 4 7 i 


It follows that this code detects up to three errors and corrects up to two 
errors. 


We can apply the method of this example to any balanced design. If A is a 
BIBD with parameters v, b, r, k and i, then B, the incidence matrix of A, is 
av x b matrix. Taking the rows of B as codewords, we obtain a code with v 
codewords, each of length b. 


If we compare any two of these codewords, we find that the number 1 
occurs together in exactly A positions in both codewords, since the 
concurrence A is the number of times any two varieties occur together in the 
same block. In Example 5.1, the numbers 1 and 1 coincide in exactly two 
positions in any two codewords, since i = 2; for example, 


1 Ye 8-71 oe 


l £2 04a 2S 
T T 


Also, since there are exactly r 1s in each codeword, there must be 


r —X positions for which 1 occurs in the first codeword and 0 occurs in 
the second, 

and 
r —X positions for which 0 occurs in the first codeword and 1 occurs in 
the second. 
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In Example 5.1, we have r - A = 3, and so there are three positions for 
which 1 occurs in the first codeword and 0 occurs in the second, and three 


positions for which 0 occurs in the first codeword and 1 occurs in the second; 
for example: 


Finally, since there are b positions altogether, the positions where 0 
occurs in both codewords must be 


b —2X — (r—-A) - (r—A) (thatis, b — 2r + A). 


In Example 5.1, the numbers 0 and 0 coincide exactly twice in any two 
codewords, since 


b= Dee kh = 10 2eap =e 2 = 2; 
for example: 
iv 82 


If we reorder the positions to make the pattern clearer, we can summarize 
the above arrangements diagrammatically, as follows: 


ee oo 8 Po f) 
ee i ect Fae |. 


r r-~x r—-iz b—-2r+X 
Thus we have established the following theorem. 


Theorem 5.1 


Let A be a BIBD with v varieties, b blocks, replication r, block-size k, 
and concurrence 2. Let C be the code whose codewords are the rows of 


the incidence matrix. Then the Hamming distance between any two 
codewords is 2(r — A), and the code C detects up to r—) errors and corrects 
up to r—A-1 errors. 


Problem 5.1 


For each of the following BIBDs, write down: 

(a) the values of v, b, r,k and A; 

(b) the codewords corresponding to the rows of the incidence matrix; 

(c) the constant Hamming distance between each pair of these codewords; 
(d) the number of errors detected and corrected by the corresponding code. 


1 2 3 4 5 6 7 


A SS i 2 Ec F G 

ee D Ep F oS fA 

Se 2 F © A B * 

design 1 
1 2 3 4, 5 6 7 8 9 10 11 12 
A B . A B a B G a {oe 
a F E 3 D 3 D E B H 
G HH I I G yf I G C I 
design #2. 


a | 


It follows from the above discussion that, whenever we have a BIBD, we 
can construct a corresponding code, and this suggests that we look back at 
Sections 2 and 3 for examples of BIBDs and consider their corresponding 
codes. For example, we can obtain a class of codes from the Steiner triple 
systems. 


Recall that a Steiner triple system is a BIBD with k = 3 and A = 1. It 
follows from the equations A (v-1)=r(k-—1) and vr= bk that 


r= (v-1)/2 and b= v(v-1)/6, 
and that v has the form 6n + 1 or 6n + 3, for some integer n. 


Using the above construction, we obtain a code from each Steiner triple 
system; any code of this type is called a Steiner code. Such a code has v 
codewords of length v(v - 1)/6, and the Hamming distance between any 
two codewords is 2(r — A), which is v — 3. This code therefore detects up to 
(v —3)/2 errors and corrects up to (v —5)/2 errors. 


Problem 5.2 


Earlier we described some BIBDs with the following sets of parameters: 


(a) v = b = p, where pis a prime number of the form 4n + 3, 
r=k=(p-1)/2, ’ = (p-3)/4 
(b) v= p, where pisa prime number of the form 4n + 1, 
b=2p, r=p-1, k= (p-1)/2, A = (p-3)/2; 
In each case, find the Hamming distance between any two codewords, and 
write down the number of errors detected and corrected by the 
corresponding code. 
Problem 5.3 


Using the results of Problem 5.2, explain how you would construct: 


(a) acode with 17 codewords of length 34 and Hamming distance 18; 
(b) acode with 19 codewords of length 19 and Hamming distance 10. 


In each case, write down the number of errors detected and corrected by 
such a code. 


After studying this section, you should be able to: 


e explain how to construct a code from a balanced design; 


e determine the Hamming distance of such a code. 


eA 


We obtained these results in 
Problem 3.1. 


In Problem 5.1, you constructed 
Steiner codes corresponding to v=7 
and v =9. 


See Construction 1 in Section 2.3. 


See Construction 2 in Section 2.3. 


Further reading 


The following books are recommended for reference. 


W. G. Cochran and G. B. Cox, Experimental Designs (2nd edition), Wiley, 
1957 (paperback reprint 1992). 


D. R. Cox, Planning of Experiments, Wiley, 1958 (reprinted 1964). 


O. L. Davies, Design and Analysis of Industrial Experiments (2nd edition), 
Longman group, 1979 (reprinted with corrections). 


D. J. Finney, An Introduction to the Theory of Experimental Design, 
University of Chicago Press, 1960. 


R. A. Fisher, Statistical Methods, Experimental Design, and Scientific 
Inference, Oxford University Press, 1990. 


R. A. Fisher and F. Yates, Statistical Tables for Biological, Agricultural and 
Medical Research (6th edition), Longman, 1974. 


J. Dénes and A. D. Keedwell, Latin Squares and their Applications, English 
Universities Press, 1974. 


Most of these books are concerned with the statistical aspects of the 
design and analysis of experiments and are not primarily concerned with 
design as such. R. A. Fisher's two books are classic statistical texts on 
experimental design. The book by D. R. Cox contains no mathematics, but 
gives much clear and helpful advice to scientists on planning experiments. 
The book by Cochran and Cox contains information on the design of 
experiments, but is mainly concerned with the analysis of variance 
technique for analysing the results of experiments. The Tables by Fisher 
and Yates give some orthogonal latin squares and a list of BIBDs, as do 
the plans in Cochran and Cox; Davies also includes a list of BIBDs. 
A thorough treatment of latin squares, together with a full bibliography, 
is given in Dénes and Keedwell. 


The following books are more mathematical. 


P. J. Cameron and J. H. van Lint, Designs, Graphs, Codes and their Links, 
London Mathematical Society, Student Texts 22, 1991. 


J. H. van Lint and R. M. Wilson, A Course in Combinatorics, Cambridge 
University Press, 1992. 


V. Bryant, Aspects of Combinatorics, Cambridge University Press, 1993. 
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Exercises 


Section 1 


1.1 Are the following designs connected? Are they equi-replicate? 


a oe coe ee 


a ee ae 

a ee 

ee 
(b) t Se oe eee 
A 2 Ee ee 
ne: a ee 
os ie eee ee ae 


1.2 Draw the bipartite graph associated with the following design: 
1 2 3 4 5 6 


D e A r B E 


1.3. We can associate a block design with a graph by labelling all the 
vertices and edges. The edges correspond to blocks and the vertices to 
varieties; each block contains two varieties — its vertices. Write down 
the block design corresponding to each of the following graphs. 


A 1 B 
9 10 
5 
4 - 
7 
12 11 
D Cc 


(a) (b) 
1.4 
(a) Using the circle construction, write down a design with 
v=b=8, r=k=3. 
(b) Using the cyclic construction, write down a design with 
v=b=8, r=k=3. 


1.5 Which of the following cyclic designs is connected? 
(a) v=12,k=3, first block 0 6 8; 
(b) v=12,k=3, first block 2 85; 
(c) v=13,k=3, first block 03 6. 


1.6 Construct: 

(a) the cyclic design with v = 7, k = 4, and first block 0 1 2 5; 
(b) the complement of the design in part (a); 

(c) the dual of the design in part (a). 
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For other ways of associating a block 
design with a graph, see Design 1, 
Problem 5.1 and Exercise 5.2. 


Section 2 
2.1 Consider the following cyclic design: 


3 4 5 


=> WO FF WH 


1 
0 2 2 4 
3 4 0 1 
2 0 1 yi 


(a) By examining the blocks containing variety 0, write down the 
replication, the concurrences Aj, Agz, Ao3 and Agg, and the first row of 
the concurrence matrix. Use Theorem 2.7 to construct the concurrence 
matrix C. 


(b) Write down the incidence matrix B of this design, and use it to 
calculate the concurrence matrix C = BB’. 
Verify that your answer agrees with that of part (a). 


(c) Write down the table of differences for the block 0 2 3 (modulo 5), 
_and use Theorem 2.8 to find the first row of the concurrence matrix. 


Verify that your answer agrees with those of parts (a) and (b). 


2.2 The following numbers are the parameters of BIBDs. Use the 
equations vr = bk and A(v — 1) = r(k — 1) to fill in the missing numbers. 


(a) v=9, b=?, r=4, k=3, A=?; 
(b) v=?, b=12, r=8, k=?, -A=5; 
(c) v=? b=13, r=?, k=4, AH=1. 


2.3 Explain why there are no BIBDs with the following sets of 
parameters: 

(a) v=10, b=16, r=8, k=5, X=3; 

(b) v=45, b=15, r=4, k=12, X=]; 

(c) v=46, b=46, r=10, k=10, A=2. 


2.4 A cyclic design is required for six varieties in blocks of size 3. As 
remarked in Section 2.3, we may assume that the first block contains 0 and 
1, and so is 012,013,014 o0r015. In each case, write down the table of 
differences, and hence determine which first blocks give the smallest 
spread of concurrences. 


2.5 
(a) By constructing a table of differences, determine whether {2, 3, 5, 11} 
is a perfect difference set (modulo 13). 


(b) Try to construct a perfect difference set of three numbers (modulo 5). 
Why is this impossible? 


(c) For which numbers k = 2, 3, 4, 5 or 6 do there exist perfect difference 
sets of size k (modulo 7)? 


2.6 


(a) Construct a BIBD with 13 varieties arranged in 26 blocks of size 6. 
Hint Use the result of Problem 2.15(b). 


(b) Construct a symmetric BIBD with 19 varieties arranged in 19 blocks 
of size 9. 
Hint Use the result of Problem 2.16. 


3D 


2.7 Which of the four constructions would you use to construct a balanced 
design with each of the following sets of parameters: 


(a) v=59, b=59, r=29, k=29, XK=14; 

(b) v=60, b=118, r=59, k=30, X=29; 

(c) v=61, b=122, r=60, k=30, X=29; 

(d) v=62, b=122, r=61, k=31, X=30. 

2.8 How would you construct a symmetric BIBD with v varieties and 
block-size v — 1? Determine the value of 4 for such a design. 

2.9 


(a) A BIBD is self-complementary if it is isomorphic to its 
complement. 


Show that such a design must have an even number of varieties 
and blocks, and write down a self-complementary BIBD with 4 
varieties and 6 blocks. 

Hint Use the results of Problem 1.13. 


(b) A BIBD is self-dual if it is isomorphic to its dual. 


Show that such a design must be symmetric, and write down a 
self-dual BIBD with 7 varieties. 
Hint Use the results of Problem 1.15. 


2.10 Let A be a balanced design with parameters v, b, r,k and i. Using 
techniques of linear algebra, it can be proved that the determinant of the 
incidence matrix B of A satisfies the equation 


(det B)2 =rk(r—A)"2. 


Use this result to prove Theorem 2.4. 


Section 3 


3.1 For each integer n, consider the design obtained by taking as 
varieties the 2" — 1 n-digit binary words (other than 00 ... 0) and as blocks 
any pair of these words together with the word obtained by adding the 
corresponding digits (modulo 2). 


(a) Show that the resulting design is a Steiner triple system, and 
determine its parameters in terms of n. 


(b) Which Steiner triple systems correspond to the cases n = 3 and n = 4? 
3.2 An affine plane of ordern is a BIBD obtained by taking a projective 


plane of order n, removing any one block, and deleting the varieties in 
that block wherever they occur. 


(a) Show that the resulting design has parameters 
ven, b=n*+n, r=nt+1, k=n, A=1. 


(b) Construct affine planes of orders 2 and 3. 


3.3 Complete, if possible, the following latin squares: 

(a) A = = DB aS ae a ee 
ae. ee - eee ne fee ae te ae 
fs 2 eee ae a ee ae a = 


| 
es) 


i Ms 
| 
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For example, for n = 3, the block 
containing the varieties 110 and011 
also contains their sum 1 0 1. 


Section 4 


4.1 


Decide whether the following designs are resolvable; if so, group the 


blocks into replicates. 


(a) 


(b) 


4.2 
(a) 


1 2 3 4 5 6 
A B A B j A 
6 C B D D D 
F F E E F S 
I Z 3 4 5 6 
A B c D E F 
ss yf Cc B B 
r 3 F E A 


Explain how you would construct: 


a 2-replicate resolvable (0, 1)-design for 42 varieties in blocks of 


size 6; 
(b) a 3-replicate resolvable (0, 1)-design for 36 varieties in blocks of 
size 6. 
4.3 Explain why every affine plane is resolvable. An affine plane is defined in 
Exercise 3.2. 
4.4 Are the following latin squares orthogonal? 
Bb ££ ee Af 2 - BD. £E 
E #£#° 2 -f 22 f A Ba C 
) (| 2 £ A 
a wa 2s CP 
& G22 = ae “2 a es 
4.5 Does there exist a latin square orthogonal to the following latin 
square? 
A -2 © 2 
D A Boe 
C Dpog- = 
B ££ Pf A 
Section 5 
5.1 How many errors are detected and corrected by the code arising from 
(a) the projective plane of order n? 
(b) the affine plane of order n (defined in Exercise 3.2)? 
5.2 Using the results of Exercise 5.1, explain how you would construct 


(a) 
(b) 


a code with 21 codewords of length 21 and Hamming distance 8; 


a code with 16 codewords of length 20 and Hamming distance 8. 
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Solutions to the exercises 


1.1 
(a) 


(b) 


1.2 


1.3 
(a) 


(b) 


1.4 
(a) 


(b) 


Le 
(a) 


(b) 


(c) 
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This design is connected, since each variety can be compared directly 
or indirectly with every other variety; it is not equi-replicate since, 
for example, variety 1 appears three times, whereas variety 2 occurs 
twice. 
This design is not connected, since the varieties C, D and H cannot be 
compared, either directly or indirectly, with the other varieties; it 
is equi-replicate with r = 2. 
A 1 
B z 
C 3 
D 4 
E 5 
F 6 
1 2 3 #45 4 
A 6B A £28 
Dt SS ee 
1 2 3 4 .5 © 7% @&@ 8 if) 12 ee 
A B C 4-2 -2 222 2 
B C.D. B £ -Ge2h eae. 2] 2 
i -2 3-3. 35 
A DG. 4 2 fe. 
re ae oe eee ee 
C #2. 2-4 ee 


We can choose any block as the first block; choosing A B C, we obtain 
the design 


2 


1 es» = 
mon Bw 
a ee ma 
C) "a. ™/ 
ma GY OR OD 
oe me t= 
w > CT @ 


B 
(is 
D 


This design is not connected, since blocks 1, 3, 5, 7,9 and 11 contain . 
only the varieties 0, 2, 4, 6, 8 and 10, and the remaining blocks 
contain only the varieties 1, 3, 5, 7, 9 and 11. 

This design is not connected, since blocks 1, 4, 7 and 10 contain only 
the varieties 2, 5, 8 and 11, blocks 2, 5, 8 and 11 contain only the 
varieties 0, 3, 6 and 9, and the remaining blocks contain only the 
varieties 1, 4, 7 and 10. 


This design is connected. 


1.6 


ped) 


rt (a 


(a) 4 3 2 
0 1 2 ss 4 5 
1 y 3 4 as 6 
z 3 4 5 6 0 
5 6 ) 1 2 > 
(b) The complement of the design in p 
1 2 3 4 5 6 
2 4 5 6 0 1 
4 5 6 0 1 Zz 
6 0 1 Z a 4 
(c) The dual of the design in part (a) is: 
0 1 Z 3 4, 5 
1 2 3 4 hs 6 
3 4 > 6 7 1 
6 7 1 2 3 4 
7 1 2 3 4 5 
ye 


(a) By inspection, 


Agr = 1, Ago = 2, os = 2, og = 1. 


Since r = 3, the first row of the concurrence matrix is 


a a on ae 


- Re On NY 


—— 


nm oN ™ 


an a wh aD, os 


By Theorem 2.7, the concurrence matrix is 


3 


me NO NON 


(b) 


which agrees with part (a). 
(c) Working modulo 5, we obtain the table of differences 


1 


-—- WO NY KF © 


2 


2 
1 
2 
1 


ie) 


-— —= CO = © 


_= = CO eS © 


1 


oF OF SS FS 


or OF 


=-=- ©OeY - CO WI 


- Oe - © 


oye KF CO 


-_- - © KF © 


- Ory © 


o,roFf 


18: 


NY NO -— WO = 


NO KF WO RK NY 


= QW KF NHN NN 


WOreNN 


Do 


The number of times that the varieties 0, 1, 2, 3, 4 occur in this table 
are, respectively, 


ce Se ee oe 


By Theorem 2.8, this gives the first row of the concurrence matrix. 
This agrees with the answers in parts (a) and (b). 


ie 
(a) b=12, X=1; 
(b) We have 
v8 =12k and 5(v—1)=8(k-1). 
Substituting v = 3k/2 into the second equation, we obtain 
15k/2 = 8k -3. 
Hence k = 6 and v = 9. 
(c) We have 
vr=13x4 and v-1=73. 
Substituting r = (v —1)/3 into the first equation, we obtain 
v(jv—-1)=13 x 12. 
Hence v = 13 and r = 4. 
2.3 


(a) For sucha design, Av — 1) # r(k - 1), contradicting Theorem 2.2. 


(b) For such a design, v > b, contradicting Fisher's inequality 
(Theorem 2.3). 


(c) For sucha symmetric design, v is even, but r- A = 8, which is not the 
square of an integer, contradicting Theorem 2.4. 


2.4 Working modulo 6, we obtain the tables of differences 


The first rows of the concurrence matrices are therefore 
321012, 221244, Sii2zilL s2ieee 


respectively. It follows that the first blocks that give the most nearly 
equal spread of concurrences are 0 13 and 0 1 4. 


aio 
(a) Working modulo 13, we obtain the table of differences 


Since each non-zero number 1, 2, ..., 12 appears exactly once in this 
table, the set {2, 3, 5, 11} is a perfect difference set (modulo 13). 
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(b) If we start with a set of three numbers, the table of differences must 
have the following form: 


But it is impossible for the six non-zero differences to include the four 
numbers 1, 2, 3, 4 equally often. Thus no such perfect difference set 
exists. 


(c) Since the k(k — 1) non-zero differences must include the six numbers 
1, 2, ..., 6 equally often, 6 must divide k(k — 1). This rules out k = 2 and 
k = 5. For k = 3, 4 and 6, we have the perfect difference sets 


{0, 4. 5], {0, i, ey A}, {0, 1, 2, 2; 4, 5}, 


respectively. 
2.6 
(a) We use Construction 2 with p = 13. We obtain a cyclic BIBD by 
taking as first blocks the non-zero squares {1, 3, 4, 9, 10, 12} and the The non-zero squares (modulo 13) 
non-squares {2, 5, 6, 7, 8, 11}, as follows: were obtained in Problem 2.15(b). 
1 2 3 4 5 6 7 8 9 iG - tt. f2 . 13 
1 2 3 5 6 7 8 9 0 .j4045 0 
oO 4 5 6 7 8 9 a. t £22 0 2 
4 ) 6 - 8 9 am 2. & 0 1 3 
9 ny 2 0 1 3 2 6 8 
ip. it - 1 2 + 6 7 8 9 
iZ 0 1 3 + 6 8 9 11 


14 415 .6. 27. T- 2 20 21 22: 23 24 -25-- 26 


2 3 7 8 9 44 12 ) 1 
oe 6 — 4t- 0 1 p 3 + 
6 7 8 9 i. 44 0 1 2 3 4 5 
7 8 10 =il 12 0 1 2 3 4 5 6 
8 9 i. Bs 0 i Z 3 + So 6 ‘ii 
lie 0 1 2 3 4 5 6 7 8 9 10 


(b) We use Construction 1 with p = 19. We obtain a cyclic BIBD by taking 
the perfect difference set in Problem 2.16 as its first block, as follows: 

2 2 @ 3S 6 7 & © -20°11- 12.13 14. 18+ 16-23: 18:,.19 
so «©. 7 8 © 1 sit Mw. 38 
7 S = .aee it 2 i 1. % 17 
8 ee ee ee oe | ee ee | ee 
ee co ee a on a ee a. 1 
Ui 2 Db ft Ss hh FS SO 1 2 
+ 

6 


1 
3 
Go 40 al. We 4g. 14. 1S 
9,418 OU de AD: 44 dS lo 


cms 

(a) Use construction 1 with p = 59; 
(b) use construction 4 with p = 59; 
(c) use construction 2 with p = 61; 
(d) use construction 3 with p = 61. 


2.8 Use the all-combinations method of Section 1.4 with k = v — 1. Each 
block is obtained by taking all but one of the varieties, omitting a 
different variety each time. Such a design is balanced, with 


h=1(k-1)/(v-1) = (v-1)(v-2)/(v-1) = 0-2. 
2.9 
(a) By the results of Problem 1.13, we have 
k=v-k and r=b-r. 
Thus v = 2k and b = 2r, and so v and b are both even. 
A self-complementary BIBD with 4 varieties and 6 blocks is 


A A A B B Cc 
B C D C D D 


(b) By the results of Problem 1.15, we have v = b, so the design must be 


symmetric. 
A self-dual BIBD with 7 varieties and 7 blocks is 
1 Z 3 4 5 6 7 
A B j D a F G 
B 3 D E r G A 
D & F G A B hi. 


2.10 Consider a symmetric design for which v is even. For a symmetric 
design, v=bsor=k, and so 


(det B)* =r (r—-A)?!. 
Since r* and (det B)? are both perfect squares, and v — 1 is odd, 
r—X must also be a perfect square. 


3.1 


(a) The design has v = 2” - 1 varieties and block-size k = 3. Since any two 
varieties uniquely determine the third variety in the block, each 
pair of varieties occur together in just one block. Thus the design is 
balanced with A = 1. It follows that 


r= Av -1)/(k-1) =1x (2" -2)/2=2"-1-1, 
and 
b=vr/k=(2" —1)(2"-1-1)/3. 


(b) For n = 3, we obtain the Steiner triple system with 7 varieties 
(design 1) in the following form: 


1 2 3 4 5 6 7 
O01 O10 100 O11 10 111 .101 
010 100 O11 110 111 101 += O01 
011 110 111 101 O01 010 = 100 
For n = 4, we obtain a Steiner triple system with 15 varieties and 35 


blocks. It is isomorphic to the Kirkman '15 schoolgirls puzzle’ design 
in Section 3.1. 
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This is design 1 of Section 2.1. 


3.2 
(a) 


(b) 


3.3 
(a) 


4.1 
(a) 


(b) 
4.2 
(a) 


(b) 


An affine plane of order n clearly has n* + n blocks. Since we have 

deleted n + 1 varieties, the number of varieties is 
v=(n*+n+1)—(n+1)=n?. 

Each of the remaining varieties still occurs n + 1 times, and so 

r=n+l. 


Since the projective plane is a balanced design with A = 1, each pair 
of remaining varieties occur together just once, and so an affine plane 
is also a BIBD with A = 1. 


The block size k can be calculated either from vr = bk or from A(v — 1) = 
r(k — 1), giving k =n. 


Removing the last block and the corresponding varieties from the 
7-point and 13-point projective planes in Section 3.2, we obtain the 
following affine planes: 


n=2: 


n=3 

1 2 3 4, 5 6 7 8 9 10 i111 12 

B 5 D E H i H I J K L 

D H I | K a J K L M D B 

H I I K L M M B B D & 
A < #4 @ (b) no such latin (Ooo el. Be A AB 
D 23 Af square exists en. ee 2 OG 
C -4> ae C 2s. i 
ne So ae Br: A-£-D 

a 2 £€ 8 


This design is resolvable; its replicates are: 
1, 4; 2,6 3, 5. 


This design is not resolvable. 


Use the rectangular lattice design construction: start with a 7 x 7 
array with the main diagonal missing, and write down the rows and 
columns of this array. 


Use the square lattice design construction: start with a 6 x 6 array, 
and write down its rows, columns and diagonals. 
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4.3 Each affine plane arises by taking a finite projective plane, 
removing a block (line) v1, v2, ..., vz, and deleting the varieties (points) in 
that block wherever they occur. The resulting design is always resolvable: 
the replicates correspond to 


the blocks (lines) that originally contained 7; 


the blocks (lines) that originally contained v; 


the blocks (lines) that originally contained v,. 


For example, for the 9-point affine plane in Exercise 3.2, we obtain the 
replicates: 


for variety B: AIK, CJL, DGH; 

for variety E ADL, < Hi, “aaa, 
for-variety F: ACG, Dif, BAL 
forwariety M> AM], CORK, GIL, 


4.4 Yes — onsuperimposing them we obtain 


AA Bb. CBr. Ese 
ED AE 2 +20 
DB EC Ais fe. €A 
CE DA £8 2.3% 80 
5C €D toe 


which contains each possible pair of letters just once. 


4.5 No. Suppose that there exists a latin square orthogonal to the given 
one. We can assume without loss of generality that its first row is A B C D. 
Its second row is then either C D A B or BC D A. In the former case, it is 
impossible to complete the first column; in the latter case it is impossible 
to complete the first two columns. Thus no such latin square exists. 


Te 
(a) The Hamming distance is 
2(r—A) = 2{(n + 1) — 1} = 2n, 
so the code detects up to n errors and corrects up to n —1 errors. 


(b) The values of r and ) are the same as in part (a) (see Exercise 3.2), 
and so the code detects up to n errors and corrects up to n — 1 errors. 


Dake 
(a) Take the design in Exercise 5.1(a) with n = 4; 

the code detects up to 4 errors and corrects up to 3 errors. 
(b) Take the code in Exercise 5.1(b) with n = 4; 


the code detects up to 4 errors and corrects up to 3 errors. 
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Solutions to the problems 


Solution 1.1 
(a) v=5,b=4,k=3; 
(b) v=9,b=6,k=3. 


Solution 1.2 


Block design (a) is not equi-replicate; varieties 1 and 3 occur three times 
each, whereas varieties 2, 4 and 5 occur just twice. 


Block design (b) is equi-replicate; each variety occurs twice, so r = 2. 


Solution 1.3 
(a) The parameters are v =9,r=2,b=6,k =3; 

thus vr = 9 x2 = 18 and bk = 6 X3 = 18, and so ur = bk. 
(b) The parameters are v =7,r=3,b=7,k =3; 

thus of =7x3=21 and ie=7 x3 =71, and sow = bc. 


Solution 1.4 


There are many possible solutions — for example, relabel the varieties 
and blocks as follows: 


0 Y, 15 E, 29 W, 3-24, 4 T, 5-2 R, 6 > H. 
A-l, Bo6 C755 D7 E>3 Fo 4 G92. 


Solution 1.5 
(a) Varieties F and H are directly comparable, as they both appear in 
block 7. 


(b) Varieties C and G are neither directly nor indirectly comparable. 


(c) Varieties A and E are not directly comparable, but they are 
indirectly comparable as A is directly comparable with variety D 
(in block 4) and D is directly comparable with variety E (in block 6). 


Solution 1.6 

There are many possible solutions — for example: 
1 2 3 4 5 6 7 8 
A B c D E r G H 
B c D E r G H A 


Solution 1.7 
The associated bipartite graphs are 


A 
B 1 
c 2 
D 3 
e 4 
F 


(a) 
Graph (a) is connected, so design (a) is connected. 
Graph (b) is not connected, so design (b) is not connected. 


For example, in graph (b) there is no 


path from vertex B to vertex C. 
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Solution 1.8 


(a) 123 45 6 
Ali Tf tae 9 
Bi0-0 1.00. 1 
Ce -1-0. 81-9 
Pot ee e-2 
cit G7 i" 9 
v0 01 4 
Gili 2-2 oe ea 
Hi0 1.06 @ 
1}0 0-0 fF O41 

(b) ABCDEFG 
A\ll @ }° oa 24 
5B 41- f-} ee e e 
C:'414.4-4 62-21 
ee ee oe a ee 
EO a 1-9 3-02 
FIG @.4 0 i771 @ 

G 10-0) fea 3 
Notice that this incidence matrix is the transpose of the incidence 
matrix of the design in Example 1.7, given on page 12. 

Solution 1.9 


5 


(a) We obtain the following design with ( 5 


= 10 blocks: 


3 
(b) We obtain the following design with [ 7 = 10 blocks: 


1 ys 3 4 5 6 7 8 9 10 
A A A A A A B B B * 
B B B C C D és * D 
C D ie D 2 E D £ 5 2 
Solution 1.10 
I 2 3 4 5 6 
A E & A E j 
B F D B r D 
* A E hs A E 
D B F D B F 
The design is connected. 
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Solution 1.11 


i a os 4 - 3.224047 
0 1 2 3 4 5 6 
1 Z 3 “ 5 6 ) 
s 4. °° 3-6 0 1 fs 
The design is connected. 

(ey 4 ‘ae 4 3 -& 
1 y 3 4 _ 0 
3 4 5 0 1 2 
Se fe a 4 


The design is not connected. 


(> 1-2-3 42> Sus 
A 2 4. Bee 
on ee a, a 
D2 Se Eee 
a oe Se ae 
The design is connected. 
Solution 1.12 
1 2 a 4, 5 
3 o- 66 1 1 
4 2 4 3 2 
Solution 1.13 


Each block of A corresponds to a block of A, and so b=b. 


Since each block of A has k varieties and there are v varieties altogether, 
each block of A has v —k varieties, and so k=v—k. 


If a given variety occurs in a block of A, then it does not occur in the 
corresponding block of A; thus each variety occurs b —r times, and so 
r=b-r. 


Since each variety in A occurs b —r times in A, the number of varieties is 
unchanged, and so v=v. 


We have 
or =v(b-r)=vb-vr=vb—bk=b(v-k)=bk, 


so the parameters v, r, b and k satisfy Theorem 1.1. 


Solution 1.14 
A Bex. 2 -£ F 
1 i 2 3 4 i 
5 2 3 4 5 2 
6 7 6. 6 7 3 
8 9 > -7 8 4 
9-9) 7 .-9  W-5 


Note that no varieties can be lost on 
taking complements, because if b =r, 
then v =k, by Theorem 1.1, 
contradicting the fact that k<v. 
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Solution 1.15 


The blocks of A* correspond to the varieties of A and the varieties of A* 
correspond to the blocks of A, and so b* = v and v* = b. 


In the bipartite graph of the design A, the degree of each variety-vertex 
is r and the degree of each block-vertex is k. But each variety-vertex in 
the bipartite graph of A corresponds to a block-vertex of A*, and each 
block-vertex in the bipartite graph of A corresponds to a variety-vertex of 
A*, and sor =k* and k =r". 


We have 
v*r* = bk = vr = b*k*, 


so the parameters v*, r*, b* and k* satisfy Theorem 1.1. 


Solution 2.1 

For design 1 we have: 

@y tf; . (ep he 
For design 2 we have: 

(a) 2 () Le). 0. 


Thus design 1 seems to be a better design to use if we wish to compare 
varieties the same number of times. 


Solution 2.2 
(a) This design is not a balanced design since, for example, A,4z = 1 but 
NAc = 0. 


(b) This design is a balanced design with A = 2. 


Solution 2.3 


The concurrence matrix is 


A BL s 
‘4 


~m OO we S 
Oo |= S| SS FS NN 
pee CO FH N 

= Orn 

pee NY RF OO 
Be NO FF © KR 
NRF Re Re Fe OT 


The design is not balanced since, for example, \4p = 1 but Agp = 0. 


Solution 2.4 
For design 1 we obtain the following results: 


(a) AOC Bee ec 


Ct) 

il 
oc sm wT ow 
= eS eS eS eS eS CY 
NE ee le. 
=a RB BS BS EF HS 
el on lO 
= = GDM = 
= WO - Re SS SS 
WO -F | | SS RS 
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Af £2 st F-G 


123 435 6 7 


(b) 


ae a oe ae ee cee | 


1 1°00 2042 G40 
ei. 20-0 
5 ee ee ae” See ee 
=-410 0011041 
[2:2 @. 4-4-9 
G.i-2 ay 2-3 
1.0 1.2 02-0 2 


1 

2 

3 

5 

6 

7 
Pao) 2 00-9 
3-1-2 1-9 9 
eo tT 16 1°90 
eo Oo} 104 


oo 0:1 oO 4 
Lb 1-2 2-2-1 A 
oe 4° 4-3 
ot 8) 1-8 eg 
ot. 2-1 1.0 4 
ei i is 
oe. 2.8 1} 


(c) 
BB! = 


A 
B 
G 
E 
F 
G 


B= 


=C 


in ete a katy 4 
a ee 
a oe ee a oe ee 
ae ae oe Se ae 
terra £3 
ae 


& BLM EF Ge 


2.0 1 1 06 
io Oo 1 a 
et eo 6 4 


| 


igo 0? 1.04 
ea wine Se 
011282044 
10.1.4 004 
0 Tf) ok 2 = 
2 a oe oe ee 
Ge 8 1 ef a 


For design 2 we obtain the following results: 


As C0 £ ¥ & 


(a) 


> 2 2-0 2.22 
2 eo 2-189 
1.2.3 2-249 
Bo: 1-2-2 2 
GC t-2 32.4 
109 @ 222 
2182 02 2°22 


A 
B 
e 
E 
F 
G 


© 


1 2+3. 4 5 6 7 
io oo 0 Tt 1 


(b) 


s2 10 8 i 2 
=o 2.49 2-1 


1 1-1 0 640;.0 
Pitt. a 
‘Oe Pe re ee ee 
==10 8 0 £ i 1 0 
pee @ ft 
7 ey 8 oO 1 1 
to 0 0 1 


1 

2 

3 

5 

6 

7 
ii itt ss 
Dp 1.1 4-90 0 
a oe ee a 
ee ee ee Se 
 O-@ 2 ft 4 


1.246030 9 2 
1 4.%3-8 2 4 0 
DG 1. it ee 8 
iis = oo 
cf fF. 29 
Ce ao 2 1 1 


(c) 
; 


A 
B 
& 
a 
F 
G 


be 


=C 


i] 222 10.9 
i 2-2 2255 
oi 2s 2 1 
+O Oi: 2- 2 2 
2440-0, B29 


Lee @¢ 0 1 4 
beh p39 Os 0.4. 


io Oo 0 31-3 
idt@?@2.¢7 1 
Li tee a4a 4 
or 1 ies Ss 
00 11.148 
O 68-1 1-7 s 
oe Oo. 2 1 8 
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Solution 2.5 
(a) For this design, v=7,r=3,k=3andA=1;s0 


Mv—-1)=1x(7-1)=1x6=6, 
and 
r(k—-1)=3x(3-1)=3x2=6. 


Thus A(v — 1) = r(k-1). | 
(b) For this design, v= 6, r=5,k=3 and A=2; so 


Mv-1)=2x(6-1)=2x5=10, 
and 
r(k-1)=5x(3-1)=5x2=10. 


Thus A(v — 1) = r(k—-1). 
(c) For this design, v = 8, r=7,k=4 and A =3; so 


Mv-1)=3x(8-1)=3x7=21, 
and 
r(k—-1)=7x (4-1) =7x3=21. 


Thus A(v — 1) = r(k — 1). 


Solution 2.6 

If the design has v varieties and b blocks, then vr = bk and v <b, and so 
k=vor/b<br/b=r, 

as required. 


Solution 2.7 

There are many possible designs — for example: 
(a) design (a) of Problem 2.5; 

(b) design (b) of Problem 2.5. 


Solution 2.8 
Suppose that there is a BIBD with v = b = 22 and r =k =7. Then 
h=r(k-1)/(v-1)=7x (7-1)/ (22-1) = (7 x6)/21 =2. 
Since v is even, we can apply Theorem 2.4. But 
r-vV=7-2=5, 


which is not the square of an integer. It follows that no BIBD exists with 
these parameters. 


Solution 2.9 
The dual of design 1 is 


A B Cc OD 


oOo ® N 
an an 6S 
i en a 


1 1 2 1 
5 z 3 3 
7 6 7 + 


which is a balanced design with A = 1. 


Solution 2.10 


By the result of Problem a if v, b,r and k are the parameters of A, then 
the parameters of A* are v*=b, b* =v, r*=k and k*=r. It follows that 
the concurrence A* of A* is given by 
A* = r*(k* — 1)/(o* -1) 
=k(r-1)/(b-1) 
= r(k-1)/(v-1) (A is symmetric, so r = k and v = b) 
=A. 
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Solution 2.11 

Working modulo 11, we have: 
(a) 44+9(=13)=2; 

(b) 4-9(=-5)=6; 

(c) 4x9 (=36) =3. 


Solution 2.12 
Working modulo 7, we obtain the table of differences 
PGvung io 3 
Oo | O26 5 4 
eo 
2 = 


Ts 


Each non-zero variety occurs once in this table, so, by Theorem 2.8, the 
first row of the concurrence matrix is 


eum 0 1234-5 6 
fistrow 3 1 2 3 T+ 14 


By Theorem 2.7, the concurrence matrix is 


na ee a oe 
as t.2.4 742-4 
tit oS 2 424 4-4 
44..1-2-2 7° 4 
ae) f- St 2-4 
ie ie ae ce ee oe 
Si 1..t- 4. 2-2 ae 
641-1144 bs 

Solution 2.13 


(a) Working modulo 11, we obtain the table of differences 


Each non-zero variety occurs the same number of times — twice. Thus 
the set {1, 3, 4, 5, 9} is a perfect difference set. 


—(b) By Theorem 2.9, we obtain the required design with A = 2 by 
constructing the cyclic design with first block 13 4 5 9: 


1 é 3 4 5 6 7 ) 9 10 11 
1 2 2 4 5 6 7 8 7 AD 0 
3 4 5 6 r 8 o- 0 1 2 
4 5 6 8 o 0 1 y a 
fe) 6 7 8 9 4540 0 1 Z 2 4 
o ih 0 1 2 3 5 6 7 8 


Solution 2.14 
(a) We obtain the table of differences 


Note that this highly unbalanced 
The non-zero numbers 1, 2, ..., 12 do not appear the same number of aaa nes ion etna 


times; for example, 12 occurs three times, 3 occurs just once,and4 does —_ with a block of consecutive numbers. 
not appear at all. Thus {0, 1, 2, 3} is not a perfect difference set This shows why the circle construction 
(modulo 13). is usually undesirable. 


(b) We obtain the table of differences 


The non-zero numbers 1, 2, ..., 12 appear the same number of times — 
once. Thus {0, 1, 4, 6} is a perfect difference set (modulo 13). 


(c) We obtain the table of differences 


The non-zero numbers 1, 2, ..., 12 do not appear the same number of 
times; for example, 6 occurs twice, 2 occurs once, and 3 does not appear 
at all. Thus {0, 1, 5, 7} is not a perfect difference set (modulo 13). 


Solution 2.15 
(a) The non-zero squares (modulo 11) are 
124 (=107)=1; 22 @9)=4 34 (=82)=9; 
42 (=72)=5; 5 (=6¢)=3; 
that is, 1, 3, 4, 5, 9. 
(b) The non-zero squares (modulo 13) are 
12(=122)=1; 2 (=112)=4 3#(=10*)=9; 
4(=97)=3; 5(=8)=12; & (=7*)=10; 
that is, 1, 3, 4, 9, 10, 12. 


Solution 2.16 

The non-zero squares (modulo 19) are 
12 (=182)=1; 22(=17)=4, 3 (=162)=9; 
42 (=152)=16; 52(=142)=6; 6 (=132)=17; 
72 (=122)=11; 8 (=112)=7; 9% (=102) =5; 

that is, 1, 4, 5, 6, 7, 9, 11, 16, 17. 


Thus, by Theorem 2.10, {1, 4, 5, 6, 7, 9, 11, 16, 17} is a perfect difference set 
(modulo 19). 


fa 


Solution 2.17 

(a) construction 2, with p = 29; 
(b) construction 3, with p = 29; 
(c) construction 1, with p = 31; 
(d) construction 4, with p = 31. 


Solution 3.1 
(a) It follows from the equation A(v - 1) = r(k-1) withk =3 and =1 
that 


v-1=2r, and so r=(v—-1)/2. 
(b) Since r=(v-—1)/2 is an integer, v — 1 must be even, and so v is odd. 
(c) Itnow follows from the equation vr = bk that 


v(v -—1)/2 = 3b, and so b=v(v-1)/6. 


Solution 3.2 


There are several possible solutions — for example: 


Monday Tuesday Wednesday Thursday 
i. @ LS 238 1 or a ae 
a ae > oe -@ 5 6 4 6 4 5 
Se 4 7. & 9 o 7 & ee 
Solution 3.3 

We have 


Mv —1)=1x (n2 +n) =(n+1)n=r(k-1), 


as required. 


Solution 3.4 
(a) Such a design would be a projective plane of order 9, which exists by 
Theorem 3.3. 


(b) Such a design would be a projective plane of order 10, which does not 
exist, as stated in the text. 


(c) Such a design would be a projective plane of order 11, which exists by 


Theorem 3.3. 
Solution 3.5 
(a) There are several possibilities — for example: 
Af @ ce 2 
oe ae _ 2 A 
Ce Ss af 8 


31 - 2 


wm tt Se 
50 Ben 
>» OO DO & 
Qr BY 


(1) (2) 


Solution 3.6 


Ci, ee ee oe, oe ee ee ee 
P--@ a4 a ee ee 
Se a eee 
i a ae eo a ee 
ee oe oe, Se ee ee 
a a es aa 
6-4 F --_ ee Be 
D >= 2 - eee 


(b) Ifr=6, then the fifth line is the same as the first, and so we do not 
obtain a latin square. This is because r and n have the common 
factor 2. 


Solution 3.7 


Onn oOo Fk KF W]e 
ow re ON FP OV! N 
=m NYO DW W Ot © | w 
oe of A = NH Gl & 
Re OT ON WW S| VO 
NN RFP WO FP CO OI NI] OD 


0 
0 
3 
6 
1 
a 
= 
2 


Solution 4.1 
(a) This design is resolvable; its replicates are 
1, 4; 2, 8; ae ae 5, 6. 


(b) This design is not resolvable; for example, there is no block that can 
be combined with block 4 to form a replicate. 


Solution 4.2 


In Section 3.1 we saw that in any Steiner triple system the block-size k is 3 
and the number v of varieties has the form 6n + 1 or 6n + 3 for some integer 
n. By Theorem 4.1, the number v/k must be an integer. But 

if v = 6n +1, then v/k =2n+ 4, which is not an integer, 
and 

if v = 6n + 3, then v/k = 2n + 1, which is an integer. 


Thus the only values of v for which a resolvable Steiner triple system can _ It can be shown that a resolvable 


exist are those of the form 6n + 3. Steiner triple system with v varieties 
exists for every integer v of the form 
6n +3. 
Solution 4.3 . 


We have v = 15, b = 35 and r = 7, and the inequality becomes 
35 21547-1, or 3221. 


74 


Solution 4.4 


We first write the varieties in a 5 x 5 square array in any order, such as 


B 
G 
L 
Q 
V 


a Ee 


The blocks of the first replicate are the rows of this square array: 


The blocks of the second replicate are the columns of the array: 


m Oo Oo ese > = 


7 


B 
G 
L 
Q 
V 


— os UC O s N 


So = 2 te Hm 


[— ee oem oe 


qn we DS -* 


x wn 2 =~ O&O © 


—_M sc eo 


The blocks of the third replicate are the diagonals of the array: 


2 2. 


13 


— se | =e 


14 


fos = o 


15 


z 
F 
L 
R 
Xx 


Combining these replicates, we obtain the following triple lattice design: 


Be A a a ae 


— mm mm © ms N 


replicate 1 


2. fh ae ae 


O 


“ wm mw eS @ 


<x See S ow 


| 


~— 2 a he 


<< > - aoe 


8 9 
C D 
ed I 
i 
R § 
W eA 


replicate 2 


10 


mm = 6 C) Se Ee 


| 
| 
| 


ry 
ay 


i a 


i@ 13 i 
ae 
: oe 
we 6 4k 
ae cee 
u Vv ow 


replicate 3 


— -. se ee 
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Solution 4.5 


We write down the 20 varieties in a 5 x 5 square array, omitting the main 
diagonal: 


AC ee) 
en See: ee 
oe a oe 

MNO eee. 
a a oe he 


Taking the rows as the blocks of the first replicate, and the columns as the 
blocks of the second replicate, we obtain the following design. 


1 2 3 4 5 6 7 8 9 10 

A «&£ + S=-2- = 2-2 <2 

BS f° {- 2 ji -7-— = - 2 

‘ G K O S M N O K L 

D .#. 22) — 9 eo ee 
Solution 4.6 


We have v = 8 and k =2, sos = 4 ands -—k = 2; we therefore write the 
varieties in a 4 x 4 square, omitting two diagonals. 


(a) If we omit two neighbouring diagonals, the array becomes 
- - 1 2 
3 _ ~ 4 
5 6 ~ ~ 
a 2 


and the design is 


1 yl 3 4 5 6 7 8 

1 3 5 , 3 6 1 2 

2 4 6 8 a ‘j 8 4 
replicate 1 replicate 2 


(b) If we omit two alternate diagonals, the array becomes: 


= 1 _ 2 
3 = + = 
- > = 6 
7 = 8 = 
and the design is 
1 2 3 4 5 6 7 8 
1 3 a z 3 1 + Fs 
2 4 6 8 7 2 8 6 
replicate 1 replicate 2 


The second of these designs is not connected, since blocks 1, 3, 6 and 8 


contain only varieties 1, 2, 5 and 6, and blocks 2, 4,5 and 7 contain only 
varieties 3, 4, 7 and 8. 


The first design is connected, and is therefore preferable. 
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Solution 4.7 


Pee tees: eee ieee © 
nee, A 
i i. eo 


oe ee ee 


(b) letter A appears in positions 1, 8, 10 and 15, so we take these numbers 
as the varieties in block 17; 


letter B appears in positions 2, 7, 9 and 16, so we take these numbers 
as the varieties in block 18; 


letter C appears in positions 3, 6, 12 and 13, so we take these numbers 
as the varieties in block 19, 


letter D appears in positions 4, 5, 11 and 14, so we take these numbers 
as the varieties in block 20. 


We thus obtain the replicate 
17 18 19 20 
1 2 3 4 
8 7. 6 5 


lo - % -2 1% 


Solution 5.1 


For design 1 we obtain the following results. 
(a) v=b=7,r=k=3,ir=1. 


(b) The incidence matrix is 


123 43587 
Aji 0 0 ©] 1 @ ay 
Bil 1,8 0 @ 2 @ 
C10 1. tea ed 
Dit @ tf 1-@@ @ 
E|\O-1.& 1 t.2 2 
FIG 0 1.94 22 
Gil @@ i@t 


The codewords are therefore 
1000101, 1100010, 0110001, 1011000, 
0101100, 0010110, 0001011. 
(c) The Hamming distance is 2(r— 2) = 2(3 — 1) = 4. 
(d) This code detects up to two errors and corrects up to one error. 


For design 2 we obtain the following results. 


(a) v=9,b=12,r=4,k=3,A=1. 


13 


2 3 
6 fa 
mm. 
14 #15 


Square array 
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(b) The incidence matrix is 


12345 6 78 9 10 11 12 
AIL oe 1 0 2-4-8 1 8-8 
Sy {38-62 0-8 -t S11 e 
Cig © i -8 © 14 0 ft bas 
Dit U0 @° 070-1. 0 Lei 
1G 2.22 vk oS 1 te aS 
FiO -@ 1 © 1-0 -T Seti 
Gil O@ Oel 0 0-0 1-0 0 1 
Hi0 10 0 0 1 1 @e@eOrO—1 
ri0 O Lt itee@ tee 81 


The codewords are therefore 
100100100100, 010010010100, 001001001100, 
100001010010, 010100001010, 001010100010, 
100010001001, 010001100001, 001100010001. 
(c) The Hamming distance is 2(r— A) = 2(4-1) =6. 


(d) This code detects up to three errors and corrects up to two errors. 


Solution 5.2 


(a) The Hamming distance is 
2(r —A) = 2((p — 1)/2 -(p —3)/4) = (p+ 1)/2=2n +2, 
so the code detects up to n + 1 errors and corrects up to n errors. 
(b) The Hamming distance is 
2(r —A) = 2((p-1)-(p-3)/2) =p +1=4n+2, 


so the code detects up to 2n + 1 errors and corrects up to 2n errors. 


Solution 5.3 
(a) Take the design in Problem 5.2(b) with p = 17 and n = 4; 


the code detects up to 9 errors and corrects up to 8 errors. 
(b) Take the code in Problem 5.2(a) with p = 19 and n = 4; 


the code detects up to 5 errors and corrects up to 4 errors. 
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